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Abstract—Fueled by the availability of more data and computing power,
recent breakthroughs in cloud-based machine learning (ML) have trans-
formed every aspect of our lives from face recognition and medical
diagnosis to natural language processing. However, classical ML exerts
severe demands in terms of energy, memory and computing resources,
limiting their adoption for resource constrained edge devices. The
new breed of intelligent devices and high-stake applications (drones,
augmented/virtual reality, autonomous systems, etc.), requires a novel
paradigm change calling for distributed, low-latency and reliable ML
at the wireless network edge (referred to as edge ML). In edge ML,
training data is unevenly distributed over a large number of edge nodes,
which have access to a tiny fraction of the data. Moreover training and
inference are carried out collectively over wireless links, where edge
devices communicate and exchange their learned models (not their
private data). In a first of its kind, this article explores key building
blocks of edge ML, different neural network architectural splits and
their inherent tradeoffs, as well as theoretical and technical enablers
stemming from a wide range of mathematical disciplines. Finally, several
case studies pertaining to various high-stake applications are presented
demonstrating the effectiveness of edge ML in unlocking the full potential
of 5G and beyond.
Index Terms—Beyond 5G, 6G, URLLC, distributed machine learning,
on-device machine learning, latency, reliability, scalability.
1 SIGNIFICANCE AND MOTIVATION
This research endeavor sits at the confluence of two transfor-
mational technologies, namely the fifth generation of wire-
less communication systems, known as 5G [1], and machine
learning (ML) or artificial intelligence. On the one hand
while the evolutionary part of 5G, enhanced mobile broad-
band (eMBB), focusing mainly on millimeter-wave trans-
missions has made significant progress [2], fundamentals of
ultra-reliable and low-latency communication (URLLC) [3],
[4], one of the major tenets of the 5G revolution, are yet
to be fully understood. In essence, URLLC warrants a de-
parture from average-based system design towards a clean-
slate design centered on tail, risk, and scale [5]. While
risk is encountered when dealing with decision making
under uncertainty, scale is driven by the sheer amount of
devices, antennas, sensors, and actuators, all of which pose
unprecedented challenges in network design, optimization,
and scalability.
On the other hand in just a few years, breakthroughs in
ML and particularly deep learning have transformed every
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aspect of our lives from face recognition [6], [7], medical
diagnosis [8], [9], and natural language processing [10], [11].
This progress has been fueled mainly by the availability
of more data and more computing power. However, the
current premise in classical ML is based on a single node
in a centralized and remote data center with full access
to a global dataset and a massive amount of storage and
computing power, sifting through this data for inference.
Nevertheless the advent of a new breed of intelligent de-
vices and high-stake applications ranging from drones to
augmented/virtual reality (AR/VR) applications, and self-
driving vehicles, makes cloud-based ML inadequate. These
applications are real-time, cannot afford latency, and must
operate under high reliability, even when network connec-
tivity is lost.
Indeed, an autonomous vehicle that needs to apply its
brakes, cannot allow even a millisecond of latency that
might result from cloud processing, requiring split second
decisions for safe operation [12], [13]. A user enjoying visuo-
haptic perceptions requires not only minimal individual
perception delays but also minimal delay variance, to avoid
motion sickness [14], [15]. A remotely controlled drone or
a robotic assembler in a smart factory should always be
operational even when network connection is temporarily
unavailable [16]–[18], by sensing and reacting rapidly to
local (and possibly hazardous) environments.
These new applications have sparked a huge interest in
distributed, low-latency and reliable ML calling for a major
departure from cloud-based and centralized training and
inference toward a novel system design coined edge ML, in
which: (i) training data is unevenly distributed over a large
number of edge devices, such as network base stations (BSs)
and/or mobile devices including phones, cameras, vehicles,
and drones; and (ii) every edge device has access to a tiny
fraction of the data and training and inference are carried
out collectively. Moreover, edge devices communicate and
exchange their locally trained models (e.g., neural networks
(NNs)), instead of exchanging their private data.
There are clear advantages using edge ML: (i) perform-
ing inference locally on connected devices reduces latency
and cost of sending device-generated data to the cloud for
prediction; (ii) rather than sending all data to the cloud for
performing ML inference, inference is run directly on the
device, and data is sent to the cloud only when additional
processing is required; (iii) getting inference results with
very low latency is important in making mission-critical
Internet of things (IoT) applications respond quickly to local
events; (iv) unlike cloud-based ML, edge ML is privacy-
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Fig. 1. An illustration of edge ML where both ML inference and training processes are pushed down into the network edge (bottom), highlighting
two research directions: (1) ML for communication (MLC, from left to right) and (2) communication for ML (CML, from right to left).
preserving in which training data is not logged at the cloud,
but is kept locally on every device, and the global shared
model is learned by aggregating locally computed updates,
denoted as model state information (MSI), in a peer-to-peer
manner or via a coordinating (federating) server; and (v)
higher inference accuracy can be achieved by training with
a wealth of user-generated data samples that may even
include privacy sensitive information, such as healthcare
records, factory/network operational status, and personal
location history.
Edge ML is a nascent research field whose system design
is entangled with communication and on-device resource
constraints (i.e., energy, memory and computing power).
In fact, the size of an NN and its energy consumption
may exceed the memory size and battery level of a device,
hampering decentralized inference. Moreover, the process
of decentralized training involves a large number of devices
that are interconnected over wireless links, hindering the
training convergence due to the stale MSI exchange under
poor wireless channel conditions. As such, enabling ML at
the network edge introduces novel fundamental research
problems in terms of jointly optimizing training, communi-
cation, and control under end-to-end (E2E) latency, reliabil-
ity, privacy, as well as devices’ hardware requirements. As
depicted in Fig. 1, these research questions can be explored
through the following two research directions.
1) ML for Communications (MLC) Exploiting edge ML
for improving communication, on the one hand, epitomizes
the research direction of MLC. The recent groundswell in-
terest in ML-aided (and mostly data-driven) wireless system
design fits into this direction. At its core, MLC leverages
a large amount of data samples (e.g., radio signals) to
acquire an accurate knowledge of the RF environment to,
for instance, optimize modulation coding schemes (MCS).
Towards this vision, at the physical layer an end-to-end
communication framework was studied under unknown
channels, using an autoencoder (AE) [19], [20], recurrent
neural network (RNN) [21], and generative adversarial
network (GAN) [22]. To overcome millimeter-wave’s link
sensitivity to blockage [23], a GAN-aided long-term channel
estimation [24] and a reinforcement learning (RL) based
beam alignment technique [25] were proposed. At the net-
work layer, an RNN-aided caching solution was proposed
in [26], and an unsupervised clustering algorithm was used
with real user traffic patterns. Basics of ML, its NN architec-
tures and communication designs were recently overviewed
in [26], [27].
While interesting, these works however focus on cen-
tralized ML whose goal is to improve the communication
performance assuming a well-trained ML model is avail-
able, and a large number of data samples, overlooking the
additional latency induced by the prior training process and
the posterior inference latency. In sharp contrast to these
approaches, the latency and reliability of edge ML have to
be examined with respect not only to communication but
also to decentralized ML training and inference processes,
calling for novel analytical methods based on studying tail
distributions, a novel communication and ML co-design,
and uncertainty/risk assessment.
2) Communication for ML (CML) As alluded to, training
ML at the network edge over wireless networks while
taking into account latency and reliability opens up a novel
research direction. In this respect, edge ML architectures
and their operations should be optimized by accounting
for communication overhead and channel dynamics, while
coping with several problems such as straggling devices
in the training process and generalization to unmodeled
phenomena under limited local training data. Not only
that, all these aspects need to factor in on-device constraints
including energy, memory, and compute, not to mention
privacy guarantees.
An interesting example of edge ML training architecture
is federated learning (FL) [28], [29] wherein mobile devices
periodically exchange their NN weights and gradients dur-
ing local training. FL has been shown to improve commu-
nication efficiency by MSI quantization [30], adjusting the
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Fig. 2. Overview of the key building blocks and theoretical/technical enablers of edge ML.
MSI update period [28], and optimizing devices’ scheduling
policy [31]. These methods are still in their infancy and need
to address a myriad of fundamental challenges including
the ML-communication co-design, while accounting for on-
device constraints and wireless channel characteristics.
From a theoretical standpoint, the overarching goal of
this article is to explore building blocks, principles, and tech-
niques focusing on CML. As on-device processing becomes
more powerful, and ML grows more prevalent, the conflu-
ence of these two research directions will be instrumental in
spearheading the vision of truly intelligent next-generation
communication systems, 6G [32].
Scope and Organization Enabling ML at the network
edge hinges on investigating several fundamental questions,
some of which are briefly summarized next.
Q1. How do edge devices train a high-quality cen-
tralized model in a decentralized manner, under
communication/on-device resource constraints and
different NN architectures?
Classical ML has been based on the precept of a sin-
gle central entity having full access to the global dataset
over ultra-fast wired connections: e.g., a local inter-chipset
controller manipulating multiple graphics processing units
(GPUs) through PCI Express intra-computer connections
(supporting up to 256 Gbps) [33]; InfiniBand inter-computer
links (up to 100 Gbps) [34]; or a cloud server commanding
multiple computing devices via Ethernet communication
(up to 25 Gbps) [35]. Using a deep NN, the central controller
sifts through this global data for training and inference by
exploiting the massive amount of storage and computing
power: e.g., 11.5 Petaflops processing power supported by
256 tensor processing units (TPUs) and 4 TB high bandwidth
memory (HBM) [36], which is sufficient for operating the
Inception V4 NN model consuming 44.3 GB [37].
These figures are in stark contrast with the capability
of devices under edge ML. While 5G peak rates achieve
20 Gbps [1] that is comparable only with Ethernet connec-
tions, the instantaneous rate may frequently fluctuate due
to poor wireless channel conditions, hindering inter-device
communication. Moreover, the computing power of mobile
devices is a million times less powerful (e.g., Qualcomm
Snapdragon 845’s 16.6 Gflops [38]). Their memory size is
also ten times smaller (Apple iPhone XS Max’s 4 GB [39])
than a deep NN model size. Besides, the energy consump-
tion (e.g., Google Pixel 3 XL’s 2.15 W [40]), delimited by the
battery capacity, is half million times smaller than a power-
ful centralized ML architecture (e.g., AlphaGo’s 1 MW [41]).
Since computation and communication consume battery
power, the energy consumption of edge ML operations
should be flexibly optimized over time, which is not feasible
under the classical ML architecture, wherein a NN model
size is fixed.
Last but certainly not the least, the privacy guarantee
of each device is crucial in edge ML, particularly when on-
device datasets are associated with privacy sensitive infor-
mation. Perturbing the information exchange can ensure pri-
vacy, which may be at odds with the goal of high accuracy
and reliability. Adding redundant information can provide
a solution, at the cost of extra communication latency. With
these communication and on-device hardware/privacy re-
quirements in mind, we explore and propose decentralized
architectures and training algorithms that are suitable for
edge ML. To this end, we first describe the key building
blocks of edge ML (Sect. 3), and then introduce suitable
technical enablers (Sect. 5), as illustrated in Fig. 2.
Q2. How to enable reliable edge ML as opposed to
best-effort cloud-based ML, subject to non-convex
loss functions and unevenly dispersed and unseen
data samples?
A requisite for reliable edge intelligence is high inference
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Fig. 3. Two examples illustrating CML and MLC: (a) Training latency and variance over wireless connections impact the ML training convergence;
and (b) ML inference loss and variance affect the latency of a wireless system as its application.
accuracy, i.e., low loss, under not only the training dataset
but also unseen data samples. Therefore, average inference
accuracy is insufficient, and its credibility interval for a
given training dataset ought to be considered. Credibility
can be measured by the loss difference under training and
the entire samples, referred to as a generalization error, in
which the credibility interval is an achievable target general-
ization error that can be decreased by utilizing more training
samples and a proper NN model architecture. Calculating
the generalization error is relatively easy in centralized
ML where the central controller feeds independent and
identically distributed (IID) training data samples into each
device. By contrast, it becomes more challenging in edge
ML where the training data samples may become non-IID
across devices.
Next, decentralized training dynamics in edge ML be-
come more complicated even under a simple gradient de-
scent algorithm. In fact, it is difficult to characterize the
convergence behavior of a decentralized training process,
especially under non-IID training dataset, as well as the
limited communication/computation resource budget fluc-
tuating over time. The situation is aggravated when a single
NN model is split and shared by multiple devices due to the
limited on-device memory size.
Besides, most training algorithms intentionally insert
noise, i.e., regularizers, to cope with non-convex loss func-
tions. However, it is challenging to optimize the regulariza-
tion in edge ML, which is intertwined with wireless commu-
nication and privacy-preserving methods generating noise.
To tackle these difficulties, we address Q2 by revisiting the
fundamental principles of ML (Sect. 3), followed by key
theoretical enablers for edge ML (Sect. 4).
Q3. How do the theoretical and technical enablers of
edge ML impact E2E latency, reliability, and scalabil-
ity throughout the training and inference processes,
under both CML and MLC frameworks?
From the standpoint of MLC, stringent URLLC applica-
tions can be empowered using edge ML, whereas in CML
edge ML is enhanced via wireless connectivity under on-
device constraints. In this respect, edge ML design not only
enhances CML but also MLC, calling for optimizing E2E
latency, reliability, and scalability.
Specifically, the worst-case E2E latency of a reference
device is given by ‘training + inference + application’ la-
tency. MLC can reduce the application delays that are
proportional to wireless communication latency, given as
’payload/(bandwidth×spectral efficiency).’ For instance,
this is viable by improving spectral efficiency via enabling
real-time joint source-channel coding [42], channel-agnostic
end-to-end communications [19], and interference manage-
ment [43]. The effective amount of bandwidth can also be
increased using low-complexity dynamic spectrum access
[44] and proactive resource management [45]. Furthermore,
the payload size can be minimized by exchanging semantic
information rather than raw data [46].
Achieving these benefits in MLC entails extra training
and inference delays of ML operations. Here, training la-
tency is captured by a loss or weight convergence delay [47],
whereas inference latency refers to computation and mem-
ory access delays [48]. Since both training and inference
processes are performed at the network edge, their com-
putation and communication need to be jointly optimized
subject to limited energy, memory, computing power, and
radio resource constraints. To further reduce latency, as done
in [49], training process can partly be offloaded to other
proximal edge nodes with higher computational power.
E2E reliability of a reference device is the probability that
the E2E latency does not exceed a target latency deadline,
and is determined by the reliability of both training and
inference. For training reliability, the staleness of exchanged
MSIs is the key bottleneck, as it disrupts the training con-
vergence, and may lead to an unbounded training latency,
emphasizing the importance of communication techniques
to synchronize edge nodes. For inference reliability, high in-
ference accuracy is mandatory for reducing the application
latency, and needs to be ensured under both training and
unseen samples, necessitating suitable mathematical tools
to quantify the generalization error.
Through E2E reliability, CML and MLC are intertwined.
For CML, the higher communication latency reliability dur-
ing training, i.e., low communication latency variance, the
higher training convergence guarantee by avoiding training
devices lagging behind, known as stragglers. As illustrated
in Fig. 3(a), lower latency variance decreases the inference
loss, thereby reducing the application (i.e., communication)
latency and increasing E2E reliability. In the opposite direc-
tion, for MLC, a lower generalization error yields less fluc-
tuations in the application latency, as visualized in Fig. 3(b),
thereby achieving higher E2E reliability.
Finally, E2E scalability is specified by the number of
supported devices, NN model size, and communication
throughput to ensure a target E2E reliability. In this respect,
the major obstacles are on-device constraints, whereby the
5number of federating devices is limited by preserving their
privacy. The range of federation is also determined by
memory and NN model sizes, as FL requires an identical
model size for all federating devices. Moreover, the fed-
eration range should take into account tasks’ correlations
and channel conditions, so as not to exchange redundant
MSIs and to avoid straggling devices under limited wireless
capacity, respectively.
With these challenges and E2E performance definitions,
to address Q3, we revisit the state-of-the-art literature in
URLLC and ML (Sect. 2), and provide several case studies
that showcase the essence of both MLC and CML frame-
works (Sect. 6), followed by concluding remarks (Sect. 7).
2 STATE-OF-THE-ART
2.1 From Vanilla 5G Towards URLLC Compound
Since its inception, 5G requirements have been targeting
three generic and distinct services: eMBB, mMTC, and
URLLC [50]–[52]. The prime concern of eMBB is to maxi-
mize spectral efficiency (SE) by providing higher capacity
for both indoor and outdoor highly dense areas, enhancing
seamless connectivity for everyone and everywhere, sup-
porting high mobility including cars, trains, and planes.
Beyond voice and data services, eMBB focuses on immer-
sive AR/VR applications with high definition 360◦ video
streaming for entertainment and navigation. Enabling com-
munication among large number of devices is the focus of
mMTC. The success therein relies on coverage, low power
consumption, longer life span of devices, and cost efficiency.
The goal of URLLC is to ensure reliability and latency
guarantees. Therein, mission critical applications including
autonomous driving, remote surgery, and factory automa-
tion require outage probabilities of the range from 10−5 to
10−9.
That said, recent field tests have shown that packet
sizes of less than 200 Bytes were supported for a single
device moving within 1 km [53]. This demonstrates the fun-
damental challenge in achieving (even moderate) URLLC
requirements, e.g., 99.999% decoding success rate with 1 ms
latency [54]. On the other hand, new emerging use cases
advocate a mixture of URLLC with eMBB and/or mMTC
via slicing, in which a pool of shared resources (spectrum,
computing power, and memory) is used [55]–[61].
The success behind fine-grained and dynamic network
slicing hinges on the ability to identify and distinguish
different services within the network. Unfortunately, such
traditional slicing methods are unfit for the upcoming high-
stake applications that may not only demand more stringent
requirements but also give rise to a compound of URLLC
with eMBB and/or mMTC, where a single device simulta-
neously requests several services out of eMBB, mMTC, and
URLLC. For instance, multi-player mobile AR/VR gaming
applications demand URLLC for achieving low motion-to-
photon latency (MTP) and eMBB for rendering 360 de-
gree video frames. Likewise, autonomous vehicles rely on
sharing high-resolution real-time maps with low latency,
which is an exemplary use case of ultra-High Speed Low
Latency Communications (uHSLLC) [62]. In a similar vein,
mission-critical factory automation applications may require
sensing, reasoning, and perception-based modalities (e.g.,
haptic), going beyond classification tasks [63], necessitating
both eMBB and URLLC.
Beyond communication, automated or remotely con-
trolled vehicles, drones, and factories demand ultra-reliable
and low-latency control. A swarm of remotely controlled
drones affected by sudden gust of wind may need to report
and receive control commands within a split of a second.
Likewise, a remote surgery robot operating a critical pa-
tient requires a high definition video signal upload while
receiving real-time commands of high precision are two
such examples. The reliability of the control feedback loop
of the aforementioned control systems directly affects the
system performance. Both lost or outdated information and
commands can yield undesirable and chaotic system behav-
iors in which, the communication links between controllers
and devices play a pivotal role. In this regard, the research
in URLLC and control has recently emerged focusing on
coordination [64]–[66], robustness [67]–[69], and sensing
[70], [71].
Existing orthogonal and non-orthogonal slicing ap-
proaches are ill-suited for supporting these compounded
URLLC services. Compared to a non-compounded scenario,
orthogonal slicing under compounded URLLC consumes
the resource amount multiplied by the number of com-
pounded links per device. Due to the use of multiple links
by a single device, non-orthogonal slicing induces severe
multi-service self-interference [14], negating the effective-
ness of slicing. These limitations call for the aid from a
new dimension, namely edge ML as elaborated in the next
section.
2.2 From Centralized ML Towards Edge ML
2.2.1 Types of ML
The training process of ML is categorized into supervised,
unsupervised, and reinforcement learning as follows.
1) Supervised Learning By feeding an input data sample,
the goal of supervised learning is to predict a target quantity,
e.g., regression, or classification of the category within pre-
defined labels. This ability can be obtained by optimizing
the NN parameters by feeding training data samples, re-
ferred to as a training process. In supervised learning, the
input training samples are paired with the ground-truth
output training samples. These output samples ‘supervise’
the NN to infer the correct outputs for the actual input
samples after the training process completes.
2) Unsupervised Learning The training process of unsu-
pervised learning is performed using only the input training
samples. In contrast to supervised learning, unsupervised
learning has no target to predict, yet aims at inferring
a model that may have generated the training samples.
Clustering of un-grouped data samples and generating new
data samples by learning the true data distribution, i.e., a
generative model, belong to this category.
3) Reinforcement Learning (RL) The goal of RL is to make
an agent in an environment take an optimal action at a given
current state, where the interaction between the agent’s
action and state through the environment is modeled as
a Markov decision process (MDP). When each action is
associated with a return, the agent takes an action that
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Fig. 4. Examples of RL: (a) classical Q-learning without any NN; (b) deep Q-learning with a NN, and (c) actor-critic RL with actor and critic NNs.
maximizes its predicted cumulative return, e.g., Q-learning
that maximizes the Q value for each state, as illustrated in
Fig. 4(a). In Q-learning, the larger state dimension, the more
computation. This problem is resolved by deep Q-learning
as shown in Fig. 4(b), where a NN approximates the Q
function and produces the Q values by feeding a state. These
value-based RL can take actions only through Q values that
are not necessarily required. Instead, one can directly learn
a policy that maps each state into the optimal action, which
is known as policy-based RL whose variance may become
too large [72]. Actor-critic RL is a viable solution to both
problems, comprising a NN that trains a policy (actor NN)
and another NN that evaluates the corresponding Q value
(critic NN), as visualized in Fig. 4(c).
For the sake of convenience, unless otherwise speci-
fied, we hereafter describe ML from the perspective of
supervised learning, most of which can also be applied to
unsupervised and RL algorithms with minor modifications.
2.2.2 Types of NN Architectures
Fig. 5 visualizes an NN consisting of multiple layers. The
input layer accepts input data samples, and the output layer
produces the training/inference outcomes. These two layers
are connected through at least a single hidden layer. The
total number of hidden layers is called the depth of the NN.
An NN with a large depth is referred to as a deep NN (deep
NN), otherwise, a shallow NN.
Each of the layers comprises perceptrons connected
to each other, and such connections are associated with
weights, respectively. At a single perceptron, all the inputs
are thus weighted, and aggregated, followed by the output
value after passing through a non-linear activation function,
e.g., sigmoid function, softmax function, or rectified linear
unit (ReLU). The output is fed to the next layer’s percep-
trons until reaching the output layer.
1) Multilayer Perceptron (MLP) If the output of each layer
is fed forward to the next layer, then the NN is called a
feedforward NN (FNN). The default (i.e., vanilla) baseline
of the FNN is an MLP. As visualized in Fig. 5(a), each
perceptron’s output is passed directly to the next layer’s
perceptrons, without any recursion and/or computation
other than the activation function. Even with this simple
structure, an MLP is capable of distinguishing data that is
not linearly separable, as long as the number of perceptrons
(i.e., NN model size) is sufficiently large. Its theoretical
backgrounds are elaborated in Sect. 3.2.1. Training an MLP is
performed using a gradient decent optimization algorithm,
called the backpropagation method [73].
2) Recurrent NN (RNN) If the output of a layer encounters
recursions within the same layer, the corresponding NN is
referred to as a recurrent NN (RNN). As shown in Fig. 5(b),
the vanilla RNN is a form of MLP with feedback loops
at hidden layers. For training a RNN, the feedback loops
can be unrolled in a sequential way, such that the hidden
layer prior to a feedback loop is chained to the hidden layer
posterior to the loop. This chained structure easily allows a
sequence of inputs, which is plausible for instance in natural
language processing (NLP). Vanilla RNN struggles with the
vanishing gradients problem as the feedback loop iterates,
and thus cannot capture a feature with long-term correla-
tions. To cope with this, the vanilla RNN’s hidden layer can
be replaced with a long short-term memory (LSTM) unit
[74]. The LSTM unit introduces a memory cell that can store
the current hidden layer’s values in the memory, which is
controlled by several gates that determine whether to store
or forget. Similar operations can also be implemented using
gates, yielding a gated recurrent unit (GRU) [75].
3) Convolutional NN (CNN) Processing image data sam-
ples through an MLP may induce a large number of per-
ceptrons, as each image pixel needs to be associated with a
single perceptron in the input layer. As a variant of MLPs, a
CNN resolves this problem by inserting two pre-processing
layers, i.e., convolutional and pooling layers, in-between the
hidden layers as illustrated in Fig. 5(c). Inspired by human
visual stimuli, at a convolutional layer, the input informa-
tion is processed using a convolution operation, thereby
extracting the features while compressing the information.
Next, at the pooling layer, the previous layer’s outputs are
combined into a single perceptron in the next layer, by
selecting their maximum value or taking their average value
[76]. Lastly, the compressed feature information is fed back
to a conventional MLP structure to obtain the final output,
of which the corresponding stages are called fully connected
layers.
4) Deep Belief Network (DBN) A notorious problem
of training a deep NN is the vanishing gradients as the
depth increases. To resolve this, a DBN exploits a divide
and conquer method: first pre-train each small part of the
network, i.e., restricted Boltzmann machine (RBM), then
combine all pre-trained parts, followed by fine-tuning the
entire network. As a result, a DBN comprises a stack of
pre-trained RBMs, as shown in Fig. 5(d). Each RBM has a
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Fig. 5. Types of NN architectures: (a) multilayer perceptron (MLP); (b) recurrent neural network (RNN); (c) convolutional neural network (CNN); (d)
deep belief network (DBN) comprising a stack of pre-trained restricted Boltzmann machines (RBMs); (e) autoencoder; and (f) generative adversarial
network (GAN).
single hidden layer and a visible layer that accepts inputs
or produces outputs. The connections between these two
layers are bidirectional, in which an RBM is not an FNN.
Nonetheless, after the pre-training process, the pre-trained
RBMs in a DBN are stacked in a way that each RBM’s
hidden layer connects no longer to its visible layer but to the
next RBM’s visible layer. Thus, a DBN is an FNN. DBN can
easily be extended to a CNN by partitioning each hidden
layer into several groups and applying a convolutional
operation to each group [77].
5) Autoencoder (AE) As illustrated in Fig. 5(e), an AE is
a stack of two FNNs, copying the input to its output in an
unsupervised learning way. The first NN learns represen-
tative features of the input data, known as encoding. The
second NN receives the feature as the input, and reproduces
the approximation of the original input as the final output,
referred to as decoding. The key focus of an AE is to learn
useful features of the input data en route for copying the
input data. In this respect, reproducing the output exactly
the same as the original data may become too accurate to
capture the latent features. A viable solution for mitigating
this is to constrain the feature space to have a smaller
dimension than the original input space, yielding an under-
complete AE whose encoding NN compresses the original
input data into a short code [78]. Decoding the NN then un-
compresses the code so as to approximately reproduce the
original data. These encoding and decoding NNs resemble a
transmitter and its receiver in communication systems. Due
to such an analogy, AEs have recently been used for data-
driven E2E communication designs [19], [20], after inserting
a set of extra layers that emulate the transmission power
normalization and the channel propagation between the
encoding and decoding NNs.
6) Generative Adversarial Network (GAN) As a genera-
tive model in the class of unsupervised learning, the goal
of GAN is to generate new data samples given by the
estimated distribution of the input data samples. This is
achieved by training two NNs, referred to as a generator
and a discriminator as depicted in Fig. 5(f), as if they play a
zero-sum game. Here, the generator produces fake samples
to fool the discriminator, while the discriminator tries to
identify the fake samples. As the game reaches a Nash
equilibrium, i.e., training completion, the generator becomes
capable of producing fake-yet-realistic samples that are in-
distinguishable from the real samples. Mathematically, play-
ing this game is identical to minimizing the Jensen-Shannon
(JS) divergence [79] between the real and generated sample
distributions. When these two distributions are disjoint, JS
divergence goes to infinity, yielding the gradient vanishing
problem. A naive solution is to insert noise so as to make
the distributions overlapped, which may degrade the out-
put quality. A better solution is to replace JS divergence
with a proper loss function that is capable of measuring
the distance between disjoint distributions with a finite
value. Wasserstein distance satisfies this characteristics, thus
prompting the recent success of Wasserstein GAN [80]. More
details on the Wasserstein distance are deferred to Sect. 4.1.
2.2.3 Limitations of Centralized ML
The classical concept of ML focuses mainly on offline and
centralized ML [21], [26]. In this case, the entire dataset is
given a priori, and is used for the training process. To obtain
accurate and reliable inference, a central controller divides
the training dataset into mini-batches, and allocates them
to multiple processing devices e.g., via a message passing
interface (MPI) [81], running local training operations. The
central controller iteratively collects and aggregates their
local training results, until the training loss converges. The
said training process is separated from inference, and hence
the training cost and latency are commonly neglected.
Unfortunately, such a one-time training process is vul-
nerable to initially un-modeled phenomena, as it is practi-
cally impossible to enumerate all preconditions and ensuing
consequences, referred to as qualification and ramification
problems, respectively [82]. In fact, the trained model using
centralized ML is biased towards the initially fixed train-
ing dataset, which fails to capture user-generated and the
time-varying nature of data, yielding less reliable inference
results. Besides, a user-generated dataset can be privacy
sensitive, and the owners may not allow the central con-
troller to directly access the data. Online and edge ML is
able to address these problems. Indeed, online decentralized
training can preserve privacy by exchanging not the dataset
but the model parameters with (or without) a simple pa-
rameter aggregator [29], thereby reflecting a huge volume
of user-generated data samples in real-time. In so doing,
the trained models are immediately obtained at the local
mobile devices, enabling low-latency inference. In spite of
the rich literature in ML, edge ML with a large number
of mobile devices over wireless remains a nascent field of
research, motivating us to explore its key building blocks
and enablers as elaborated in the next section.
83 BUILDING BLOCKS AND CHALLENGES
3.1 Neural Network Training Principles
The unprecedented success of ML has yet to be entirely
demystified. Till today, it is not completely clear how to
train an NN so as to achieve high accuracy even for unseen
data samples. Nonetheless, recent studies on the asymptotic
behaviors of a deep NN training process and on the loss
landscape shed some light on providing guideline princi-
ples, presented in the following subsections.
3.1.1 Asymptotic Training Principles
1) Universal Approximation Theorem (UAT) The the-
orem states that an ideally trained MLP with infinitely
many perceptrons can approximate any kind of non-linear
function. This holds irrespective of the number of hidden
layers. Thus, both very-wide shallow NNs and very-deep
NN can become ideal classifiers. The proof is provided for
shallow NNs [83], [84] and recently for deep NNs [85].
This explains that the key benefit of deep NNs compared
to shallow NNs is attributed not to the inference accuracy
but to its credibility, as detailed next.
2) Energy Landscape (EL) The success of deep NNs has
recently been explained through the lens of EL from statisti-
cal physics. In this approach, a fully-connected FNN with L
layers is first transformed into a spherical spin-glass model
with L spins, and the FNN’s non-convex loss function
is thereby approximated as the spin-glass model’s non-
convex Hamiltonian [86], i.e., energy of the neural network
model. Exploiting this connection, a recent discovery [87]
verifies that the number of Hamiltonian’s critical points is a
positively-skewed unimodal curve over L. For a sufficiently
large L in a deep NN, the number of local minima and
saddle points thus monotonically decreases with L. At the
same time, it also verifies that the Hamiltonian’s local min-
ima become more clustered in EL as L increases. For these
reasons, in a deep NN, any local minimum of a non-convex
loss function well approximates the global minimum. This
enables to train a deep NN using a simple gradient-descent
approach. In other words, a deep NN training can always
achieve the highest inference accuracy, so long as sufficiently
large amount of data samples are fed for training, empha-
sizing the importance of sufficient data sample acquisition.
3.1.2 Practical Training Principles
The aforementioned asymptotic characteristics of a deep
NN make the non-convex training problem being in favor
of simple convex optimization methods. This partly justi-
fies the use of de-facto stochastic gradient descent (SGD)
algorithms in modern ML applications. Nevertheless, the
number of layers is finite in reality, and the resultant mis-
match between the non-convex problem and its convex-
based training algorithm has to be taken into account in
practice, as elaborated below.
1) Underfitting vs. Overfitting The objective of training
an NN is two-fold. The first goal is to minimize the training
loss, and the other goal is to minimize the loss difference
between the values under training data samples and unseen
samples, referred to as mitigating underfitting and overfit-
ting, respectively. How to achieve both goals is exemplified
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Fig. 6. Illustration of underfitting and overfitting via (a) the bias-variance
trade-off and (b) the approximation-generalization trade-off.
in the following bias-variance trade-off. Consider f(x) is the
true function to be estimated using an approximate function
fˆ(x) for an unseen data sample x. When the distribution of
x has zero mean and variance σ2, the mean squared error
of f(x) and fˆ(x) can be decomposed into bias and variance
terms as follows:
E
[(
f(x)− fˆ(x)
)2]
= Bias2 + Var + σ2, (1)
where Bias = E[fˆ(x)−f(x)] and Var =E[fˆ(x)]2−(E[fˆ(x)])2.
For a given training dataset, as the model size grows, Bias
decreases whereas Var keeps increasing, as visualized in
Fig. 6(a). The sum of Bias and Var is denoted as generalization
error, and both underfitting and overfitting can be mitigated
at the minimum generalization error.
Such a behavior can also be characterized through the
lens of the approximation-generalization trade-off as follows.
Let Lˆ(w) denote the empirical average loss under the train-
ing dataset. This empirical loss decreases as the NN better
approximates the features of the training dataset. On the
other hand, L(w) represents the expected loss under the
entire dataset with a set w of model parameters, which
depends not only on the training samples but also on unseen
samples, i.e., generalization. As illustrated in Fig. 6(b), Lˆ(w)
decreases with the model size, while L(w) is convex-shaped.
In this case, both underfitting and overfitting can be avoided
at the minimum L(w), and the gap between L(w) and Lˆ(w)
implies the generalization error. It is noted that calculating
L(w) requires unseen data samples, which is unavailable
in practice. Instead, the probability that the generalization
error is less than a certain value can be evaluated using
statistical learning frameworks, as detailed in Sect. 4.1.
2) Information Bottleneck Principle (IB) The bias-
variance trade-off is well observed in the NN training
process under IB [88], [89]. In this approach, denoting X
and Y as a random input and its desired output, respec-
tively, model training is interpreted as adjusting the model
configuration Xˆ so that its predicted output Yˆ can be close
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(a) Structure.
I(X, Xˆ)
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Fig. 7. Illustration of (a) model training structure and (b) trace of
{I(X, Xˆ), I(Xˆ, Y )} during model training under the information bottle-
neck principle (IB).
to Y . A convincing model training strategy is to minimize
the redundant information I(Xˆ;X) for predicting Y , while
maximizing the prediction relevant information I(Xˆ;Y ).
This is recast by solving the following Lagrangian optimiza-
tion problem:
min
p(xˆ|x), p(y|xˆ), p(xˆ)
I(X; Xˆ)− βI(Xˆ;Y ), (2)
such that Y → X → Xˆ → Yˆ , where β > 0 is a
Lagrangian multiplier. In the objective function (2), the first
term I(X; Xˆ) decreases with the level of model general-
ization, while the second term I(Xˆ;Y ) increases with the
inference performance, thereby capturing the bias-variance
trade-off. Furthermore, the problem can be interpreted as
passing the information in X about Y through a bottleneck
Xˆ [90]. To illustrate, following the data processing inequal-
ity [91] in information theory, the second term I(Xˆ;Y ) is
upper bounded by I(X; Xˆ) that coincides with the first
term I(X; Xˆ). Such a conflict in the optimization process
incurs an information bottleneck, thereby leading to two
model training phases. Namely, during the first phase, both
I(X; Xˆ) and I(Xˆ;Y ) increase, whereas during the second
phase, only I(Xˆ;Y ) increases whereas I(X; Xˆ) decreases.
This unfolds the microscopic model training behaviors:
model training tends to first increase the inference perfor-
mance while relying highly on its own input data samples,
and then tries to generalize the model by reducing the
impact of its own data samples. Nonetheless, the two-
phase training dynamics are not always manifested since
the original IB formulation is sensitive to the types of hidden
layer activations [92] and the training objective function [93],
which can be partly rectified by modifying the objective
function and/or inserting noise [94].
3) Flat Minima Although deep NNs asymptotically guar-
antee easily trainable characteristics [87], our practical con-
cern is the deep NN with finite depth L that cannot make all
local minima become negligibly separated. In the EL shown
in Fig. 8, some of the local minima are clustered in a wide
valley, i.e., flat minima [95], whereas a sharp minimum [96]
isolated from other minima may have lower energy than
the flat minima. At this point, the well-known problem of
generalization is in order. Each sharp minimum represents
En
er
gy
Model configuration
flat minima
sharp minimum
original EL
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Fig. 8. Flat vs. sharp minima and the impact of regularization in EL.
the overfitting case that achieves the minimum energy only
at the given data and/or model configuration. In order to
train a generalized model, it is thus preferable to find a flat
minimum at each training iteration [95], [97]–[99].
3) Minimum Energy Path (MEP) Finding flat minima by
using EL has recently been tackled by a counter example
[96]. Namely, while producing the same final output, it is
possible to rescale the model weights, changing the EL. In
this case, one can imagine a sufficiently generalized NN
whose trained weights lie within flat minima. Rescaling this
original NN can produce a set of modified weights lying not
within flat minima, and both observations contradict with
each other. This calls for a careful observation on the EL. On
this account, a filter normalization technique [99] has been
proposed, which heuristically guarantees a tight relation-
ship between the resulting landscape and the final output.
A recent study [100] detours this problem by using an MEP
method in statistical physics. In this approach, from a given
weight to another arbitrary weight, the goal is to find the
path that follows saddle points in the energy landscape,
implying the path minimizing the maximum energy. Such a
path does not allow the weight rescaling operation, thereby
negating the aforementioned counterexample. Furthermore,
the result shows that the minimum energy paths of widely-
used deep NNs are almost the same as the local minima,
uncovering their generalization excellence through the lens
of the energy landscape.
4) Regularization and Ensembling In practice, the goal of
high inference accuracy with the low generalization error is
commonly achieved by heuristically inserting noise during
the training phase. This smoothens out the EL as observed
in Fig. 8, thereby allowing a gradient descent method to
achieve the desired objective. To this end, one can add a
regularizer term to the non-convex loss function and/or
insert noise into the weight update process. The latter can be
implemented indirectly by randomly sampling the training
data samples in SGD or by aggregating and averaging the
weight parameters computed by multiple devices, referred
to as ensembling or bootstrap aggregating (bagging) [78].
3.2 Distributed Training
The NN training process occupies the majority of the E2E
latency budget, and impacts the inference reliability, while
delimiting the overall scalability. Towards achieving these
E2E targets, parallelizing the training process is crucial.
Ideally, the distributed training process can exploit a larger
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Fig. 9. Centralized ML with (a) master-device (m-d) split, compared to edge ML with (b) helper-device (h-d) split, (c) device-device (d-d) split, and
(d) model split. The master node in centralized ML has full access to the dataset and controls all devices within the blue square, whereas the helper
node in edge ML can only exchange MSIs with each device having access to its local data samples.
amount of aggregate computing power with more training
data samples. In the following subsections we discuss how
to parallelize the architecture and carry out distributed
training.
3.2.1 Architectural Split
An NN training process can be split by parallelizin the
training data samples to multiple devices that have an
identical NN structure, referred to as data split. Alternatively,
when an NN model size is too large, a single NN structure
can be split into multiple segments that are distributed over
multiple devices, i.e., model split.
1) Data Split In centralized ML, a central controller, here-
after denoted as a master, owns the entire set of training
data samples, and feeds a small portion of the entire dataset,
i.e., a minibatch, into each subordinated training device at
each round, i.e., an epoch. Afterwards, the master collects
and aggregates the trained model parameters, as illustrated
in Fig. 9(a). This master-device (m-d) split corresponds to
the case with a cloud server fully controlling its associated
devices. The parallel computation inside a single device
also fits with this split, where a controller handles multiple
training processors, e.g., GPUs, inside a single device. Such
a centralized training operation is ill-suited for online decen-
tralized training in edge ML, where training data samples
are generated and owned by local devices. Even in offline
learning, some private data samples, e.g., patient records,
may not be accessible to the master, obstructing the training
process.
In edge ML, one can instead consider a helper-device
(h-d) split, where each device first trains the local model
using its own data samples, and then exchanges the trained
local model parameters with a helper that aggregates the
parameters uploaded from multiple devices. Downloading
the aggregated model parameter to each device completes a
single epoch, as shown in Fig. 9(b). A well-known example
of this h-d split is the structure with a parameter server
that assists the model parameter exchanges [101]–[104]. A
natural extension of this is a device-device (d-d) without any
coordinator, as visualized in Fig. 9(c). The communication
among devices can be enabled by a push-pull gossip algo-
rithm [104] or by following a pre-defined communication
network topology [105], [106]. In the context of edge ML,
we henceforth focus on the h-d split and d-d split, to be
elaborated in Sect. 5.2.
2) Model Split If an NN model size is larger than the
device memory, the model has to be split into segments
distributed over multiple devices, as illustrated in Fig. 9(d).
In this case, devices need to exchange intermediate model
parameters during the forward and backward training op-
erations, requiring sophisticated pipelining of the processes.
In order to minimize the dependency among the split
segments, one can first unroll the original NN model and
construct its dataflow graph [107], [108]. Then, the process-
ing efficiency is maximized by, for example, grouping and
merging common operations in the forward and backward
processes, respectively. In this article, we mainly focus on
the data split architecture, unless otherwise specified.
3.2.2 MSI Exchange
For a given data split, each device first trains its local model,
and then exchanges its current model state information (MSI).
In what follows we exemplify which MSI is exchanged and
how to update the local model based on the exchanged
MSI in centralized ML with m-d split, followed by their
limitation from the edge ML’s standpoint.
1) Centralized Parallel SGD (CSGD) This baseline
method, also known as full synchronous SGD or mini-batch
SGD [101]–[104], exchanges the gradients of the training loss
function. To elaborate, every device uploads its local MSI
to the master, and subsequently downloads the master’s
global MSI for the next local weight update. Local MSI is
each device’s local gradients, and global MSI is the mean
gradients averaged over all devices. At the k-th epoch, the
i-th device is fed with a randomly selected group of data
samples, i.e., a mini-batch, by the master. Its local weight
w
(i)
k is updated as
w
(i)
k+1 = w
(i)
k − ηg¯k, (3)
where g¯k = 1/M
∑M
j=1 g(w
(j)
k ) is the gradient averaged
over M devices and g(w(j)k ) is the j-th device’s gradient.
The parameter η is the learning rate that should decrease
with k in order to compensate the weight update variance
induced by the random mini-batch sampling process.
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2) Elastic SGD (ESGD) Instead of exchanging gradients,
the weights of an NN model during training can be ex-
changed. A typical example is ESGD, where the local MSI
is each device’s local model weights, and the global MSI
is the mean weights averaged over all devices [109]. In
addition, ESGD focuses on guaranteeing the mean weight
convergence, i.e., global MSI reliability, which affects all
devices’ local MSIs. To this end, the master in ESGD updates
the global MSI not only using the current average weight
but also based on the previous average weight. The local
weight update of the i-th device is given as
w
(i)
k+1 = (1− α)w(i)k − ηg(w(i)k ) + αwˆk (4)
wˆk = (1− β)wˆk−1 + βw¯k, (5)
where w¯k is the average weight at the k-th epoch, and
α, β < 1 are constants.
In both CSGD and ESGD, the MSI payload size is propor-
tional to the model size, and is exchanged every epoch for
all devices. This becomes challenging in edge ML where the
wireless communication cost is not negligible. In addition,
their global MSI based weight update rule fundamentally
relies on an ensembling technique suitable for IID training
datasets of devices. Therefore, it becomes less effective in
edge ML where the user-generated training data samples
may be non-IID. These issues are tackled in Sect 5.4 and 6.4.
3.3 Hardware-Model Co-Design
Modern computational devices are equipped with multiple
types of memory. On-chip cache such as static random
access memory (SRAM) has the smallest size, yet is the
fastest, e.g., 24 MB with tens of nanoseconds access latency
[110], [111]. Dynamic random access memory (DRAM) is
larger but slower than SRAM, e.g., 16 GB with hundreds
of nanoseconds access latency [111]. Non-volatile memory
such as solid-state drive (SSD) is the largest but the slowest,
e.g., 30 TB with several microseconds access latency [112].
Compressing the size of an NN model makes the model
fit into smaller and faster memory, empowering low-latency
inference and training. In addition, model compression
improves energy efficiency, since the number of memory
accesses is the major source of NN’s energy consumption,
which is proportional to the model size [48], [113]. Lastly,
in distributed training, model compression minimizes the
MSI payload size, thereby reducing communication latency.
Model compression needs thus to take into account com-
munication and computation aspects, which is commonly
achieved by the following approaches.
1) Quantization Training an NN accompanies a large
number of simple arithmetic operations, of which the in-
termediate calculations need to be stored in the memory.
Therefore, it is effective to properly reducing the arithmetic
precision of model parameters during the training process.
In this respect, mixed-precision training [114] is a viable so-
lution, where the precision is downconverted from floating
point (FP) 32 to FP 16 during the forward and backward
propagation processes, and then upconverted back to FP 32
when updating the master copy of model weights. In so
doing, memory consumption during the training is halved,
training data
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Fig. 10. Knowledge distillation (KD) that transfers a teacher model’s
knowledge to its student model.
while not compromising accuracy compared to the training
with single-precision FP 32.
2) Pruning A deep NN commonly has a large amount of
redundant weights and connections. Partially pruning them
helps compress the model while maintaining the original
inference accuracy. In this direction, the simplest pruning
is dropping a set of perceptrons by setting their final acti-
vations to 0, known as DropOut [115], which removes all
the subordinated connections of the pruned perceptrons.
Alternatively, one can only prune the connections by setting
the weights to 0, referred to as DropConnect [116]. The prun-
ing can be performed uniformly randomly until the target
accuracy is maintained, or in a more sophisticated way, e.g.,
based on the Fisher information of the weights [117].
3) Knowledge Distillation (KD) Compared to pruning
that gradually compresses the model size, KD first con-
structs an empty NN, referred to as a student NN, with a
target compressed model size, and fills in its weight param-
eters [118]. KD focuses on training the student NN, while
both student and another pre-trained teacher NN observe
an identical data sample, as illustrated in Fig. 10. Each NN’s
prediction of the sample quantifies its current knowledge,
and KD transfers the knowledge from the teacher to the
student. For the knowledge measurement, instead of the
final prediction output, e.g., ‘dog’ in a dog-or-cat problem,
KD utilizes the model output prior to the final activation,
called logit values containing the distributional information
of the prediction, e.g., {dog, cat} = {80, 20}.
The key idea of KD is adding a distillation regularizer to
the student’s loss function. This regularizer inserts a random
noise into the student’s locally calculated weight, more dis-
torting the weight calculation when the teacher’s prediction
is more dissimilar to the student’s prediction that is likely
to be wrong. In this respect, the distillation regularizer is
proportional to the knowledge gap between the teacher
and the student, and the gap is commonly measured using
cross entropy. Since cross entropy only accepts 0-1 ranged
values, the original logit values are fed to the distillation
regularizer, after being normalized via a softmax function
with temperature T ≥ 1, i.e., exp(zi/T )/
∑
j exp(zj/T ) for
the i-th label logit zi. The increase in T smoothens the logit
values, helping more information being transferred from the
teacher particularly when the teacher’s logit distribution is
peaky. Afterwards, the student’s final activation is set as
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another softmax function without temperature, i.e., T = 1,
which resembles a distilling process as visualized in Fig. 10.
By default, pruning and KD are performed separately after
training completes. The resultant extra latency and memory
usage may not well correspond to edge ML, calling for
different techniques to be discussed in Sect. 5.
3.4 Grand Challenges
From a theoretical standpoint, unraveling the black-box
operations of ML has focused primarily on centralized ML
architectures. Investigating edge ML architectures is there-
fore a daunting task, notably with the model split, where
the analysis becomes extremely cumbersome due to the
data flow dependency among the split model segments.
Moreover, as each device feeds the data samples that can
be non-IID, most of the analytical frameworks built upon
IID data samples fall short in measuring the reliability of
edge ML systems.
From a technical perspective, the aforementioned train-
ing and model compression approaches cannot be straight-
forwardly applicable for edge ML, but encounter key chal-
lenges due to devices’ characteristics and their inter-device
communication links, as detailed next.
3.4.1 On-Device Constraints
1) Energy Limitation In a large-scale ML system, each
device is likely to be mobile, equipped with a capacity
limited battery. Thus, the finite energy needs to be efficiently
utilized for the computation process during training and in-
ference operations, as well as the communication process. In
this respect, one may prefer to slightly decrease the inference
accuracy in order to save the training energy consumption
that is proportional to the model size [48]. Unfortunately,
traditional ML architectures cannot dynamically change the
model size in real time, and are thus unable to flexibly
optimize the energy consumption. Next, with the helper-
device split, the device may want to offload its computa-
tion to the helper with higher computation power without
energy limitation. The bottleneck is the offloading com-
munication overhead, and optimizing such a computation-
communication trade-off is a large field of research in mobile
edge computing (MEC) [119]–[122].
2) Memory Limitation The optimal NN model size for
inference is determined by the devices’ memory sizes of
SRAM and DRAM. This may conflict with the optimal
model size for the training operations, which is mainly
determined by the communication overhead induced by
the MSI exchanges. Furthermore, the limited size of the
devices’ storages such as hard disk drive (HDD) and solid-
state drive (SSD) constrain the input data sample sizes
as well as the number of intermediate calculation values
stored during the training phase. Therefore, the training and
inference operations need to be jointly optimized under the
constraints of communication links, as well as of various
types of devices’ memories, respectively.
3) Privacy Guarantees Some of the data samples owned by
the devices may be privacy sensitive, e.g., medical records.
Exchanging MSIs instead of data samples can partly pre-
serve privacy, yet is still vulnerable to being reversely traced
by eavesdroppers. Extra coding such as homomorphic en-
cryption [123] may guarantee privacy, but its processing
delay may exceed the low latency deadline. Exchanging
redundant information may hide the private information,
but unfortunately results in extra communication delay.
Inserting noise has a potential to protect privacy while
playing a role as regularizer, as long as the noise level
is properly adjusted; otherwise, it decreases the inference
accuracy significantly.
3.4.2 Communication Bottlenecks
1) Wireless Capacity Dynamics In centralized ML, the
communication links are implicitly assumed to be wired; for
instance, PCI Express between controller-GPU connections
or Ethernet between cloud-device connections under the
master-device split. Compared to this, the communication
links in edge ML are mostly capacity-limited wireless chan-
nels. Furthermore, the wireless channel capacity changes
more frequently due to intermittent channel conditions and
network congestion. To cope with this, the communication
payload, i.e., MSI, needs to be properly compressed. With
whom and how often to exchange the MSIs should be
dynamically optimized.
2) Uplink-Downlink Asymmetry Wireless cellular sys-
tems follow the helper-device split, where each edge BS
becomes the helper. In this case, due to the device’s lower
transmission power, the uplink communication from the
device to the helper is much slower than the downlink
communication [124]. Such characteristics are not utilized in
the aforementioned MSI exchanging methods in Sect. 3.2.2,
where both uplink local MSI and downlink global MSI are
of the same type with identical payload size.
4 THEORETICAL ENABLERS
In this section, we provide theoretical principles to charac-
terize inference reliability and training dynamics in edge ML
under the aforementioned communication and on-device
constraints. Their related applications and techniques in the
context of edge ML are exemplified in blue boxes.
4.1 ML Reliability Guarantees
Traditional ML focuses heavily on minimizing the average
loss and/or average training latency. These approaches omit
the credibility intervals of the calculations, and therefore are
insufficient for supporting URLLC applications. Instead, it
is mandatory to evaluate the loss and latency that guarantee
a target reliability. With this end, we first focus on the
connection between inference reliability and training la-
tency, followed by the relationship between communication
latency and reliability during the training process for a given
end application.
The training latency is determined primarily by the num-
ber of required training data samples, often referred to as
sample complexity, until reaching (i) a target inference accu-
racy with (ii) a target inference reliability. Unfortunately, tra-
ditional ML only outputs (i) but not (ii). This missing block
can be addressed by Bayesian learning theory [125] and the
probably approximately correct (PAC) framework [126].
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1) Bayesian Learning In contrast to traditional ML ap-
proaches, an NN is described not directly by the weights
of the NN but by their stochastic distribution. The weight
distributions before and after the training process are called
as prior and posterior distributions, respectively. The prior
distribution can be initialized by an arbitrary distribution
or by accounting for the training data characteristics. For a
given prior distribution, training an NN is recast as estimat-
ing the posterior distribution by maximizing a likelihood
between the training data samples and the weights, as per
the Bayes theorem:
Pr(w | Dn)︸ ︷︷ ︸
posterior
= Pr(w)︸ ︷︷ ︸
prior
·Pr(Dn | w)︸ ︷︷ ︸
likelihood
/
Pr(Dn). (6)
where w is the set of NN’s weights and Dn ⊂ D is the
set of training data samples. With the estimated posterior
distribution, the interference with a set D′ ⊂ D\Dn of test
data samples is described as
Pr(y | D′)︸ ︷︷ ︸
inference
=
∫
Pr(y | w,D′) Pr(w | D′)︸ ︷︷ ︸
posterior
dw. (7)
Calculating this by averaging over the posterior distribution
is cumbersome. Instead, one can approximate the posterior
distribution with its generated weights, e.g., via Markov
chain Monte Carlo (MCMC) methods.
Bayesian Learning Techniques
• Gaussian Process (GP) Gaussian-distributed priors with
infinitely many perceptrons in a single hidden layer result
in GP via the central limit theorem [127]. GP enables
regression using the second-order statistics of Gaussian
processes, thereby achieving low complexity in terms of
sample and computation. GP has been used for controlling
robots [128] and Google’s Internet balloons [129].
• Stochastic Gradient Langevin Dynamics (SGLD) SGLD
is the mini-batched Bayesian learning where the posterior
distribution is approximated as the weights being gener-
ated via a form of MCMC [130], i.e., Langevin dynamics
given as ∆wk = ηk2 (∇ log Pr(wk) + Nn
∑n
i=1 log Pr(yt |
wt) + εt for εt ∼ N (0, ηt). This approximates SGD’s weight
update dynamics with an additional noise εt. Inserting εt
is useful not only for reducing the generalization error,
but also for connecting SGD with the differential privacy
framework [131] (to be elaborated in Sect. 4.1 and 4.3) and
with Entropy SGD [97] (Sect. 5.1).
2) PAC Framework Inference uncertainty mainly comes
from the unseen data samples at the training phase. To
quantify this, for n = |Dn| training data samples, one can
compare the trained NN’s (i) empirical average training loss,
Lˆ(w) = 1n
∑n
i=1 `(yi, w) with (ii) the expected inference loss,
L(w) = Eµ[`(y, w)] averaged over all seen/unseen data
samples following a distribution µ. PAC framework focuses
on the bound of the difference between L(w) and Lˆ(w), i.e.,
generalization error of the approximation-generalization
trade-off shown in Fig. 6(b) in Sect. 3.1.2, such that
Pr
(
L(w)− Lˆ(w) ≤ GE(µ, ε)
)
≥ 1− ε, (8)
where GE(µ, ε) is the achievable generalization error with
probability at least 1 − ε. All terms in (8) depend on the
NN’s hypothesis h ∈ H with the entire hypothesis space
H [132]. Treating an NN as an approximated function in
regression, H implies the set of functions that the NN is
allowed to select as being the solution [78]. WhenH is finite,
applying Hoeffding’s inequality and union bound, one can
derive the GE as
√
(log |H|+ log(1/ε))/(2n). Here, n is the
sample complexity to satisfy a target generalization error
with a target reliability 1− ε.
PAC Framework Applications
• PAC-VC Bound If the hypothesis space H is infinite, e.g.,
in deep NNs or non-parametric models such as GP, one
can derive the GE using the Vapnik-Chervonenkis (VC)
dimension VC(H). This yields the PAC-VC bound’s GE√
(VC(H) + log(4/ε))/n. Here, VC(H) is simply calculated
as the number of NN’s parameters, and so is the PAC-VC
bound.
• PAC-Rademacher Bound The PAC-VC bound is quite
loose in general, since its VC dimension is determined
solely by the NN regardless of the training dataset. To
rectify this, one can measureH using the Rademacher com-
pexity RadD(H) that depends not only on the NN model
but also on the training dataset, yielding the GE of the PAC-
Rademancher bound, given as RadD(H) +
√
log(1/ε)/n.
3) PAC-Bayesian Framework In the previous PAC frame-
work, PAC-VC bounds become accurate only in the case of
as many training data as model parameters, which is in-
feasible particularly for deep NNs [133]. PAC-Rademancher
bounds are free from the said limitation, yet become vac-
uous for modern NN architectures under ReLU activations
with an SGD training process [134]. Utilizing Bayesian learn-
ing methods, one can resolve these issues, resulting in the
following PAC-Bayes bound [135].
Pr
L(q)− Lˆ(q) ≤
√
KL(q||p) + log(1/ε)
2n
 ≥ 1− ε, (9)
where L(q) and L(qˆ) denote the empirical and expected
average loss values for a posterior q, respectively. In (9), the
GE is a function of the Kullback-Leibler (KL) divergence of q
and a prior p, which is also called as the complexity required
for mapping p to q. It is worth noting that the difference
between L(q) and Lˆ(q) can be measured using their KL
divergence, yielding the refined version by [136] as stated
below.
Pr
(
KL
(
Lˆ(q)||L(q)
)
≤ 1
n
[
KL(q||p) + log n+ 1
ε
])
≥ 1− ε
(10)
Both (9) and (10) are derived under an IID training dataset,
which can be extended to a non-IID dataset as described in
the following applications.
PAC-Bayes Framework Application
• Chromatic PAC-Bayes Bound for Non-IID Data When
the dependency in a training dataset Dn is modeled as a
dependency matrix Γ(Dn) using fractional covers in graph
theory, the PAC-Bayes bound becomes
Pr
(
KL
(
Lˆ(q)||L(q)
)
≤ χ
∗
n
[
KL(q||p) + log n/χ
∗ + 1
ε
])
≥ 1− ε,
where χ∗ is the fractional chromatic number of the de-
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pendency matrix Γ(Dn), defined as the minimum weight
over all proper exact fractional covers of all vertices in
Γ(Dn). The fractional chromatic number can be obtained
using linear programming, and its closed form is available
if Γ(Dn) belongs to some special classes of graphs [137].
The definition of Γ(Dn) is detailed in [138].
• Collective Stable PAC-Bayes Bound for Non-IID Data
Consider Dn is divided into m subsets. When the depen-
dency among m subsets is modeled using the collective
stability framework, the PAC-Bayes bound is given as
Pr
(
L(q)− Lˆ(q) ≤ 2β||Γ||∞
√
KL(q||p) + log(2/ε)
2nm
)
≥ 1− ε,
where β is the Lipschitz constant under the Hamming
distance between the training inputs. The term Γ is the
training dataset’s dependency matrix whose definition is
elaborated in [139].
• PAC-Bayes Bound with Data-Dependent Priors The
Bayesian prior p of a PAC-Bayes bound should be chosen
independently of the training dataset Dn, yet can still de-
pend on the distribution of the dataset. Utilizing this idea,
it is possible to characterize the dependency between Dn
and p via the differential privacy framework [140], yielding
the following PAC-Bayes bound
Pr
(
KL
(
Lˆ(q)||L(q)
)
≤ 1
n
[KL(q||p) + 2c(ε, )]
)
≥ 1− ε,
where c(ε, ) = max
{
log(3/ε), n2
}
, and  implies that
the data-dependent prior p ensures -differential privacy
whose definition is elaborated in Sect. 4.2.
4) Meta Distribution In both PAC and PAC-Bayes frame-
works, the obtained generalization error bounds hold for
any n number of selected training samples, as they are
averaged over the selections of the training data set. This
is suitable for centralized ML where the training mini-
batched data samples are frequently renewed. For edge ML,
such a scenario may not be feasible due to the communica-
tion overhead and/or privacy guarantees. In this case, the
meta distribution enables to capture the generalization error
bound, by accounting for a given setDn of the training samples
as follows:
Pr
{
Pr
(
L(D)− Lˆ(Dn) ≤ GE(µn, ε) | Dn
)
≥ 1− ε
}
≥ 1− δ,
(11)
where µn is the distribution of the data samples in Dn, and
δ is the target generalization error outage probability for all
training samples. In order not to complicate the calculation,
one can approximate the meta distribution with the beta
distribution, as proposed in [141]. This is the 2nd-order
moment approximation, and thus only requires to calculate
the mean and variance of the innermost probability in (11).
Meta Distribution Applications
• Signal-to-Interference-Ratio (SIR) Meta Distribution
The idea of meta distributions was originally proposed in
the context of stochastic geometry [141]. It focuses on the
meta distribution of the SIR coverage probability for a given
large-scale network topology. One can thereby quantify, for
instance, the fraction of receivers that guarantees a target
wireless communication reliability, which in passing is also
useful for the latency reliability analysis in large-scale edge
ML design.
• Probably Correct Reliability (PCR) Focusing on estimat-
ing wireless communication channels, PCR is the meta
distribution of outage capacity for a given set of channel
observations [142]. This reliability analysis framework is
promising in the context of MLC towards enabling URLLC.
5) Risk Management Framework The above-mentioned
reliability bounds are determined by the difference between
the biased loss after training and the ideally averaged
loss with the entire data samples, i.e., generalization error.
Instead, one may inquire whether the biased loss reliably
achieves a target loss level. The right tail of the biased
loss distribution can describe this, which has been investi-
gated in mathematical finance using Value-at-Risk (VaR) and
Conditional-Value-at-Risk (CVaR) [143]. VaR focuses on the
tail’s starting point, hereafter referred to as the tail threshold,
specifying the minimum target loss x that guarantees a
target reliability 1− ε as follows
VaR1−ε(Lˆ) = arg min
x
{
Pr
(
Lˆ ≤ x
)
≥ 1− ε
}
. (12)
VaR is often defined by a non-convex and/or discontinuous
loss function, which requires complicated calculations. Even
with such a loss function, CVaR avoids this complication, by
ensuring its monotonicity. To this end, CVaR considers the
tail’s area, providing the expectation of the loss exceedances
with the tail threshold set as the VaR.
CVaR1−ε(Lˆ) = E
[
Lˆ | Lˆ > VaR1−ε(Lˆ)
]
(13)
Risk Management Framework Applications
• Distributional RL Traditional RL is trained so as to ap-
proximate the expected cumulative return at the current
state x and action a, e.g., Q-function Q(x, a) = E[R(x, a) +
γQ(x′, a′)] for the reward R(x, a) and a discount factor γ
when (x, a) → (x′, a′). Instead, one can learn to approxi-
mate the distribution of Z = R(x, a)+γQ(x′, a′), known as
the value distribution. Such distributional RL outperforms
state-of-the-art RL methods including deep Q-learning and
asynchronous actor-critic RL [144], [145].
• Risk-Sensitive RL Maximizing the expected return in
RL is insufficient for robust control warranting a prede-
fined minimum return with a target probability. The mean-
variance approach is the simplest solution that additionally
minimizes the variance of returns while maximizing the
expected return [146]. A better approach is to maximize
the (1 − ε)-worst return, i.e., CVAR, by observing extra
samples as done in [147]. Furthermore, one can utilize
the value distribution of distributional RL, thereby directly
computing and maximizing CVaR [148].
6) Extreme Value Theory (EVT) The right tail of the biased
loss distribution can also be described in the context of
two fundamental theorems in EVT [149]. To elaborate, for
any distribution of the biased loss, the Pickands-Balkema-
de Haan theorem states that the distribution of its loss ex-
ceedances with the infinitely large tail threshold θ converges
to the generalized Pareto distribution (GPD), i.e.,
Pr(θ < Lˆ(Dn) ≤ x) θ→∞= 1− (1 + ζx/σ)−1/ζ︸ ︷︷ ︸
GPD(x,ζ)
, (14)
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which becomes a Pareto (if ζ < 0), an exponential (ζ = 0),
or a uniform distribution (ζ = −1). Next, focusing on the
training data set Dn ⊂ D, one may need to guarantee the
reliability even for the worst-case loss with respect to a num-
ber K of the IID training data set selections {Lˆ(Dn,k)}k≤K
in centralized ML, or to K devices in edge ML. In this case,
the Fisher-Tippett-Gnedenko theorem of EVT is applicable.
The theorem describes that the distribution of the maximum
loss out out of the loss values obtained by an infinitely large
number of the training data set selections converges to the
generalized extreme value distribution (GEV), i.e.,
Pr
(
LˆK(Dn) ≤ x
)
K→∞
= eGPD(x−m,ζ)−1︸ ︷︷ ︸
GEV(x,ζ)
, (15)
where LˆK(Dn) = max{Lˆ(Dn,k)}k≤K and m is the mean of
{Lˆ(Dn,k)}k≤K . The GEV becomes a Gumbel (if ζ = 0), a
Fre´chet (ζ > 0), or a reversed Weibull distribution (ζ < 0).
The relationship between GEV and GPD is obtained trivially
by applying Taylor’s expansion to (15) for θ < x→∞.
EVT Applications
• Robust Multiclass Classification Each data sample in
multiclass classification has one ground-truth label out of
multiple labels. In this case, the robustness is defined as the
maximum noise (both in attributes and labels) that prevents
adversarial inputs. To evaluate the upper bound for the
noise, the maximal gradients of the classifier functions for
each label need to be evaluated over all training samples.
Alternatively, using EVT, one can evaluate the maximum
gradients using only a few training samples [150].
• Kernel-Free Open-Set Recognition Supervised classifi-
cation in open sets with unknown number of classes has a
challenge of classifying inputs belonging to unseen classes
at training time due to under sampling. The solution is a
kernel-free recognition technique known as extreme value
machine [151]. Therein, EVT is used to characterize the
decision boundaries of classes in a probabilistic manner
that provide an accurate and efficient data partition.
7) Optimal Transport Theory (OT) Minimizing the KL
divergence KL(pY ||pX) between two distributions pX and
pY is ubiquitous in NN training and inference processes.
For training, it is identical to maximizing the likelihood
in Bayesian learning. It also captures training a generative
model such as GAN whose loss function is defined using KL
divergence. For inference, it minimizes the variance term in
the PAC-Bayesian bound. The caveat is that KL divergence
becomes infinite if two distributions have non-overlapping
supports, hindering the reliability of training and inference
processes. To resolve this, as illustrated in Fig. 11, a naı¨ve
approach is to insert noise into the distributions so as to
secure a common range of support, which however com-
promises accuracy. Instead, replacing the KL divergence
minimization with calculating the Wasserstein distance in
OT [152] has recently become a promising solution, which
yields a finite value even with non-overlapping distribu-
tions. The simplest case is calculating the Wasserstein-1
distance W (pY ||pX), given as
W (pY ||pX) = inf
γ∈ΠX,Y
EX,Y∼γ [||X − Y ||] . (16)
This implies the minimum cost to transport the probability
mass from X to Y so that pX equals to pY , as illustrated
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optimal transport
Fig. 11. Optimal transport (OT), compared to regularized distributions.
in Fig. 11. The transported mass amount is characterized
by the joint distribution γ of X and Y . The constraint
γ ∈ ΠX,Y ensures that such an optimal transportation γ∗
has its marginal distributions pX and pY . The calculation of
W (pX ||pY ) by deriving γ∗ is challenging, thus commonly
relying on approximation and algorithmic techniques.
OT Applications
• Wasserstein GAN (WGAN) The training process of
WGAN [80] is equivalent to calculating the Wasserstein dis-
tance. For its easier calculation, the RHS of (16) is replaced
with its dual formulation sup||f ||L≤1 EX∼PX [f(X)] +
EY∼PY [f(Y )] by applying the Kantorovich-Rubinstein du-
ality. This implies a regression problem with a 1-Lipshitz
function f , which can be solved via supervised learning.
• Sinkhorn Divergence Instead of the said dual approach,
[153] tackles the primal formulation in (16) with an entropic
approximation and the Sinkhorn algorithm [154]. In this
approach, the RHS of (16) is recast as infM∈M Tr(MCT )
with the cost matrix C. This is a matching problem of the
matrix M given by mini-batched X and Y , which can be
solved via the parallelized Sinkhorn algorithm.
8) Re´nyi Entropy The information bottleneck in Sect. 3.1.2
describes the information flow across consecutive L layers
of an NN during the training process. This can be achieved
by extending a single bottleneck Xˆ in (2) into L bottlenecks
{Xl}’s [89]. When the bottlenecks are discrete random vari-
ables, the flow dynamics are described by the discrete Shan-
non entropy [155]. By contrast, when the bottlenecks are
continuous random variables, the dynamics are expressed
using continuous entropy, i.e., differential entropy, which
unfortunately results in intractable solutions, except when
the input X and the output Y are jointly Gaussian [156].
In order to derive a tractable solution, one can leverage the
Re´nyi entropy:
Hα(X) = log2
(
n∑
i=1
pi
α
)/
(1− α), (17)
where its limiting case becomes the Shannon entropy
H1(X) = −
∑n
i=1 pi log2 pi when α approaches 1. With its
matrix version expression, the IB formulation with L layers
is given as
min
f
L∑
i=1
Iα(X;X
l) + βH(Y, f(X)), (18)
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where f is a function that the NN tries to learn and
H(Y, f(X)) is the cross entropy between Y and f(X). The
term Iα(X;X l) is the matrix based Re´nyi mutual informa-
tion that equals Iα(X;X l) = Sα(X)+Sα(X l)−Sα(X,X l).
Here, the first term is the matrix based Re´nyi entropy
that equals Sα(X) = log2 Tr(X
α)/(1 − α). The last term
is the matrix based joint Re´nyi entropy that is given by
Sα(X,X
l) = Sα(X ◦ X l/Tr(X ◦ X l)), where ◦ is the
Hadamard product.
4.2 Latency Reduction and Scalability Enhancement
The performance of data-driven ML approaches rests on
how many data samples are utilized. In edge ML in which
data samples are generated by the devices, the problem
boils down to how many devices can be federated. Providing
a privacy-preserving mechanism during their federation is
key to increasing the range of federation, which can be
addressed through the lens of differential privacy (DP) [157],
[158].
A large range of federation brings to the fore the sub-
sequent question, how to cope with the MSI communication
costs of a large number of edge ML devices whose NN model
sizes may exceed the wireless channel capacity. In this
respect, rate-distortion theory establishes a guideline for
compressing MSI by balancing the compression rate and
its resulting distortion [91], [159]. Furthermore, in a multi-
agent RL (MARL) setting, mean-field game (MFG) theory
[160], [161] provides an elegant method making full use of
local computations, as detailed next.
1) Differential Privacy (DP) With local datasets owned
by devices, distributed training operations should preserve
the data privacy. To this end, one can apply an auxiliary
mechanism, such that its output cannot tell whether a partic-
ular local dataset is participated in the training operations,
thereby preserving data privacy. DP formalizes this idea,
while quantifying the privacy loss of a mechanism M(·)
and its target threshold  as follows:
log
(
Pr (M(Di) ∈ S)
Pr (M(Dj) ∈ S)
)
︸ ︷︷ ︸
privacy loss
≤ , (19)
which holds for any subsets Di and Dj with i 6= j out of
the entire dataset D. When the aforementioned constraint
is satisfied, the mechanism achieves -differential privacy,
in which an adversary can only differentiate whether the
output is from Di or Dj , with an uncertainty inversely
proportional to . For SGD, this is achieved by simply
inserting a Gaussian noise into each data input, i.e., the
Gaussian mechanism [158]. For Bayesian learning, one can
sample the weights from the noise inserted posterior distri-
bution, i.e., the exponential mechanism [157], achieving the
-differential privacy.
DP Application
• DP Regularizer. The cost for achieving -differential pri-
vacy is the increase in noise. This is not always a foe but
can be a friend. In fact, inserting noise is treated as adding a
regularizer. Thus, so long as the noise level is appropriately
adjusted, one can improve both accuracy and privacy, as
done in [162].
2) Rate-Distortion Theory Quantizing MSI reduces la-
tency by decreasing the communication payload size, at the
cost of compromising MSI accuracy due to the distortion
induced by quantization. Balancing latency and accuracy
can therefore be achieved by optimizing the number ` of
quantization levels. Rate-distortion theory characterizes the
optimum ` under a given channel condition, by stating
that the transmitting rate R(D) bits/sample with distortion
D should not exceed a given wireless channel capacity C
bits/sample, i.e., R(D) ≤ C . To elaborate, when the MSI
is treated as an IID. Gaussian source with variance σ2, the
Shannon distortion-rate function [91] is given as
R(D) = 1/2 · log2(σ2/D). (20)
Using a uniform scalar quantizer with sufficiently small step
size ∆, the mean squared error distortion is approximated
as D ≈ ∆2/12 [159]. Next, assuming the source deviation
σ equals the difference between the maximum and mini-
mum quantized values, we obtain the quantization levels
` = σ/∆. Applying these two results to (20) thereby leads
to the following bound
C ≥ R(D) ≈ log2(`) + log2(12)/2. (21)
This shows the upper bound of quantization levels, which
is useful when transmitting the MSI as much as possible
for a given channel condition. Since the Gaussian source
assumption yields the lowest rate, the result provides the
worst-case quantizer design guideline in practice.
Rate-Distortion Theory Applications
• Regularization via Quantization If one is willing to min-
imize the MSI communication latency, the lower bound
of quantization levels is needed. In fact the distortion can
contribute positively to the regularization in edge ML [163].
The MSI can thus be distorted until reaching an optimal
regularizing noise level. This maximum distortion yields
the lower bound.
• IB under KL Divergence The formulation (2) in IB is a
special case for obtaining the rate-distortion function R(D)
with a distortion measure given as a KL divergence [164].
Namely, (2) originates from R(D) = minp(xˆ;x) I(X; Xˆ)
s.t.
∑
x,xˆ p(x)p(xˆ|x)D(x|xˆ)D, where D(x|xˆ) is a distortion
measure between the original input x and its compressed
information xˆ. Then, its Lagrangian relaxed formulation
with the distortion measure set as the KL divergence be-
tween p(y|x) and p(y|xˆ) becomes (2).
3) Mean-Field (MF) Control Framework In MARL, N de-
vices are strategically interacting by individually taking
actions without a central coordinator, formulated as an N -
player game. In this game, both computational complexity
and the number of communication rounds across devices
increase exponentially with N , which can be remedied at
using MF game (MFG) theory [160].
To illustrate, consider a 3-player game with the devices
A,B,C ∈ P . The device A with a given state first takes
an action that affects the states of the other devices, i.e.,
the device A interacting with P\A. Likewise, the device B
interacts with P\B, while the device C does with P\C .
All these problems are coupled, and calculating their Nash
equilibrium induces the undesirable complexity. However,
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complexity
Mean-field (MF) game
P ⇡ P\x 8x 2 {A,B,C, · · · }
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P ⇡ P\x 8x 2 {A,B,C, · · · }
<latexit sha1_base64="ByXliBlX+pu7A9wSeBogaOeLAUE=">AAAXg3icndjbbu O4GQdw77bbbtPTbAs0FwUKo5kBMm06cLZbtBhggU3snBPHcQ7OQYlBUZStsShpJCqHIdSX6tPsbfsipSSKf0lJe7EGZiz++JEiqU+UHDvyvUT0et9/9vmPfvzFT3765c+W fv6LX/7q16+++s1FEqYxZec09MP40iYJ872AnQtP+Owyihnhts8m9qKf10/uWZx4YXAmniJ2y8ks8FyPEqFo+urI4kTMKfHlKOtaJIri8LFbM8smdJH4JJl3H62PKXG6lh vGxPdV0QssubG2udZfs6gTisTKpq9Weu96xaf7/GBdH6x09Gc0/ep3f7CckKacBYKqsyQ3671I3EoSC4/6LFtaWrLShEVqEGTGpEsC+jR34rUuixLXm5Xfa13CEzHnxXc+ 9OIgeeJ2ceCGgUjWuklqqxZpzNa6xbJljZ7FPGaqEAtB7Py8tbqbICTOhzRRw6KeaNZJp+i+aSxQ84lJO5SGPJ+mQi+gfuowOWfEYa2B8NQXXhw+NNX2ZomIU9V4yQrYg5i zMGZc6u9MnumDRq1qG4QPPnNmrDjxja64lRutmqU3jXb+LIw9taD1Fsaap3j0wkZYUW6EUJWdtYh+XmwG+MSr99Evys2QMF+xPInrccB2sOOJZ7Ha2qEfGBUqKZqxFTaD1 fxZ3OrXWCPUYa4XtMcwADaC2SPhkV8fwZaWVhiLqZc04zQ1An3GOcnkYfHVmm4c+j6JnzI1yeqwERGEgrSGPayoEaj2CXWf1C/bSEs7LAqTctJ5hCk0otQ/Ei8yOS6/G3V J6KetEZ1W1AxM1XzVfGpxWpoZm6jAqBzQBo6fX5FMWrbbffFS5JNXuyAvQ8zE1V2kLrxVzkZKKwi9wFG3VzePKuf23pon6p5msvfub6pJlt/PeZuPzJGvLdvPN1u1y8bsdV ZWqFOFLrqSFuPRPF/J0H2fdbN6VLJ4Fne6YILOu2ExyEYLFji667nrqd08H0GmJ1CrKwb7J2nlMdk/8yBLbZJ5hIi9+/z5ZKVBsvCiH9b2Pm/610hUy7Ali0dP4sqtaqCn e8Ox0bxgKupe4716+NissC8tn7lCR8XSir3ZvCqulpWruvhW177VZd8u6y1ZNbd1hFWd9qaMuNHFW11/qzfsfO8ngaMukEo7dZXUE8LOd349OJurdCmeSupecDL5l+LT3Q zDRZ41irqaqvPN8zHNibrQvnrYOySb2qYmbdWkuoYSNW3BHoVamn5GqkOzdBFVz6RoSu9kCMrzqcTV3tuKx3I8tZggVbEIKqkZV+MQQy/G1RxktbBVXfk9lat54zVheuxL 83LSN2c5kuosR6bI8yKviodocVif1ljNSvayO5Mt46xe3W9X90k9wGFF+/X/0d5h/XZ1vb1KzEBaD57DhOerNbLKTC3qRLkwoir7Tpiq/cX0M8juLKbuKH2q57WRrkrd2PD 2GGlgt9xGfK566yiyQ+1JSl+bcdsvhtj1EOa6snB1kLWzX+TZfbN+K8u2tYxfWS96aATbfsqeRReow3/w3XOBnLgwc/MCad/pSXkB5hymAhWqYGoGqRxMS04jg7ZBe24wM hhRg45BJ6hwmMrhVKLTih2wg7GNU5Xpz6PHDrgWPUnl5K493oljEKMQqRQv9CsccK3fVLY7dWS7x/tSbFfe1y6CJnMNdnW7XbP4tpbNTbNFuJrG2xW55eVUPblmqHqrk2e xoVBoU0cVUnVj6otguos/mVNcbxdp9kYlk+90/fBBvXCpF1g9uCf1v3z/bTVWIs04SL44b7rVHIzbSCsKpVAH6kAZA7Pa3ejK+swrnkFn0Dl0DvWgHvQD9AN0AV1AfagP5 VAODaD1GwwaQiMoMtD+CP0IjaExNIEmUAHFrWyn0BR6D72HPkAfoI/QR+gT9An6CfoJ2oP2iu1Npx0lkSeI3/WZUD82Eh29gegN9LEJ3YT2oX3oADqAbkG3oNvQbegOdAe6 C92F7kH3oPvQfegB9AB6CD2EHkGPoEPoEHoMPYaOoCPoCfQEOobicW6fQk+hZ9Az6Dn0HHoBvYBOoBPoJfQSegW9gl5Dr3VOFUX7/6QWN6ll11KLb0KRWrwPRWrxARSpxb egSC2+DUVq8R0oUovvQpFafA+K1OL7UKQWP4AitfghFKnFj6BILT6EIrX4MRSpxUdQpBY/gSK1+BiK1OKnUKQWP4Mitfg5FKnFL6BILT6BIrX4JRSpxa+gSC1+Da1Sq098 bxaTaO7Rl1OLbuDNa8M8gzeB5jFPX3rTpwPgwOAW0PxspNtA82CnO8Adg7tA895B94B7BveB+wYPgAcGX/rRQY+A5scKHQKHBo+BxwZHwJHBE+CJwTHQ/Kygp8BTg2fAM4P nwHODL70y0wlwYvASeGnwCnhl8Bp4bdABqjeg6auV9fbfj58fXHz9bl0dn3yz8t0/9N+Wv+z8vvPHzmpnvfP3zned3c6oc96hnX91vu/8u/Of5S+W/7z89fI3Zejnn+k2v +00Psvf/hd4hwhX</latexit><latexit sha1_base64="ByXliBlX+pu7A9wSeBogaOeLAUE=">AAAXg3icndjbbu O4GQdw77bbbtPTbAs0FwUKo5kBMm06cLZbtBhggU3snBPHcQ7OQYlBUZStsShpJCqHIdSX6tPsbfsipSSKf0lJe7EGZiz++JEiqU+UHDvyvUT0et9/9vmPfvzFT3765c+W fv6LX/7q16+++s1FEqYxZec09MP40iYJ872AnQtP+Owyihnhts8m9qKf10/uWZx4YXAmniJ2y8ks8FyPEqFo+urI4kTMKfHlKOtaJIri8LFbM8smdJH4JJl3H62PKXG6lh vGxPdV0QssubG2udZfs6gTisTKpq9Weu96xaf7/GBdH6x09Gc0/ep3f7CckKacBYKqsyQ3671I3EoSC4/6LFtaWrLShEVqEGTGpEsC+jR34rUuixLXm5Xfa13CEzHnxXc+ 9OIgeeJ2ceCGgUjWuklqqxZpzNa6xbJljZ7FPGaqEAtB7Py8tbqbICTOhzRRw6KeaNZJp+i+aSxQ84lJO5SGPJ+mQi+gfuowOWfEYa2B8NQXXhw+NNX2ZomIU9V4yQrYg5i zMGZc6u9MnumDRq1qG4QPPnNmrDjxja64lRutmqU3jXb+LIw9taD1Fsaap3j0wkZYUW6EUJWdtYh+XmwG+MSr99Evys2QMF+xPInrccB2sOOJZ7Ha2qEfGBUqKZqxFTaD1 fxZ3OrXWCPUYa4XtMcwADaC2SPhkV8fwZaWVhiLqZc04zQ1An3GOcnkYfHVmm4c+j6JnzI1yeqwERGEgrSGPayoEaj2CXWf1C/bSEs7LAqTctJ5hCk0otQ/Ei8yOS6/G3V J6KetEZ1W1AxM1XzVfGpxWpoZm6jAqBzQBo6fX5FMWrbbffFS5JNXuyAvQ8zE1V2kLrxVzkZKKwi9wFG3VzePKuf23pon6p5msvfub6pJlt/PeZuPzJGvLdvPN1u1y8bsdV ZWqFOFLrqSFuPRPF/J0H2fdbN6VLJ4Fne6YILOu2ExyEYLFji667nrqd08H0GmJ1CrKwb7J2nlMdk/8yBLbZJ5hIi9+/z5ZKVBsvCiH9b2Pm/610hUy7Ali0dP4sqtaqCn e8Ox0bxgKupe4716+NissC8tn7lCR8XSir3ZvCqulpWruvhW177VZd8u6y1ZNbd1hFWd9qaMuNHFW11/qzfsfO8ngaMukEo7dZXUE8LOd349OJurdCmeSupecDL5l+LT3Q zDRZ41irqaqvPN8zHNibrQvnrYOySb2qYmbdWkuoYSNW3BHoVamn5GqkOzdBFVz6RoSu9kCMrzqcTV3tuKx3I8tZggVbEIKqkZV+MQQy/G1RxktbBVXfk9lat54zVheuxL 83LSN2c5kuosR6bI8yKviodocVif1ljNSvayO5Mt46xe3W9X90k9wGFF+/X/0d5h/XZ1vb1KzEBaD57DhOerNbLKTC3qRLkwoir7Tpiq/cX0M8juLKbuKH2q57WRrkrd2PD 2GGlgt9xGfK566yiyQ+1JSl+bcdsvhtj1EOa6snB1kLWzX+TZfbN+K8u2tYxfWS96aATbfsqeRReow3/w3XOBnLgwc/MCad/pSXkB5hymAhWqYGoGqRxMS04jg7ZBe24wM hhRg45BJ6hwmMrhVKLTih2wg7GNU5Xpz6PHDrgWPUnl5K493oljEKMQqRQv9CsccK3fVLY7dWS7x/tSbFfe1y6CJnMNdnW7XbP4tpbNTbNFuJrG2xW55eVUPblmqHqrk2e xoVBoU0cVUnVj6otguos/mVNcbxdp9kYlk+90/fBBvXCpF1g9uCf1v3z/bTVWIs04SL44b7rVHIzbSCsKpVAH6kAZA7Pa3ejK+swrnkFn0Dl0DvWgHvQD9AN0AV1AfagP5 VAODaD1GwwaQiMoMtD+CP0IjaExNIEmUAHFrWyn0BR6D72HPkAfoI/QR+gT9An6CfoJ2oP2iu1Npx0lkSeI3/WZUD82Eh29gegN9LEJ3YT2oX3oADqAbkG3oNvQbegOdAe6 C92F7kH3oPvQfegB9AB6CD2EHkGPoEPoEHoMPYaOoCPoCfQEOobicW6fQk+hZ9Az6Dn0HHoBvYBOoBPoJfQSegW9gl5Dr3VOFUX7/6QWN6ll11KLb0KRWrwPRWrxARSpxb egSC2+DUVq8R0oUovvQpFafA+K1OL7UKQWP4AitfghFKnFj6BILT6EIrX4MRSpxUdQpBY/gSK1+BiK1OKnUKQWP4Mitfg5FKnFL6BILT6BIrX4JRSpxa+gSC1+Da1Sq098 bxaTaO7Rl1OLbuDNa8M8gzeB5jFPX3rTpwPgwOAW0PxspNtA82CnO8Adg7tA895B94B7BveB+wYPgAcGX/rRQY+A5scKHQKHBo+BxwZHwJHBE+CJwTHQ/Kygp8BTg2fAM4P nwHODL70y0wlwYvASeGnwCnhl8Bp4bdABqjeg6auV9fbfj58fXHz9bl0dn3yz8t0/9N+Wv+z8vvPHzmpnvfP3zned3c6oc96hnX91vu/8u/Of5S+W/7z89fI3Zejnn+k2v +00Psvf/hd4hwhX</latexit><latexit sha1_base64="ByXliBlX+pu7A9wSeBogaOeLAUE=">AAAXg3icndjbbu O4GQdw77bbbtPTbAs0FwUKo5kBMm06cLZbtBhggU3snBPHcQ7OQYlBUZStsShpJCqHIdSX6tPsbfsipSSKf0lJe7EGZiz++JEiqU+UHDvyvUT0et9/9vmPfvzFT3765c+W fv6LX/7q16+++s1FEqYxZec09MP40iYJ872AnQtP+Owyihnhts8m9qKf10/uWZx4YXAmniJ2y8ks8FyPEqFo+urI4kTMKfHlKOtaJIri8LFbM8smdJH4JJl3H62PKXG6lh vGxPdV0QssubG2udZfs6gTisTKpq9Weu96xaf7/GBdH6x09Gc0/ep3f7CckKacBYKqsyQ3671I3EoSC4/6LFtaWrLShEVqEGTGpEsC+jR34rUuixLXm5Xfa13CEzHnxXc+ 9OIgeeJ2ceCGgUjWuklqqxZpzNa6xbJljZ7FPGaqEAtB7Py8tbqbICTOhzRRw6KeaNZJp+i+aSxQ84lJO5SGPJ+mQi+gfuowOWfEYa2B8NQXXhw+NNX2ZomIU9V4yQrYg5i zMGZc6u9MnumDRq1qG4QPPnNmrDjxja64lRutmqU3jXb+LIw9taD1Fsaap3j0wkZYUW6EUJWdtYh+XmwG+MSr99Evys2QMF+xPInrccB2sOOJZ7Ha2qEfGBUqKZqxFTaD1 fxZ3OrXWCPUYa4XtMcwADaC2SPhkV8fwZaWVhiLqZc04zQ1An3GOcnkYfHVmm4c+j6JnzI1yeqwERGEgrSGPayoEaj2CXWf1C/bSEs7LAqTctJ5hCk0otQ/Ei8yOS6/G3V J6KetEZ1W1AxM1XzVfGpxWpoZm6jAqBzQBo6fX5FMWrbbffFS5JNXuyAvQ8zE1V2kLrxVzkZKKwi9wFG3VzePKuf23pon6p5msvfub6pJlt/PeZuPzJGvLdvPN1u1y8bsdV ZWqFOFLrqSFuPRPF/J0H2fdbN6VLJ4Fne6YILOu2ExyEYLFji667nrqd08H0GmJ1CrKwb7J2nlMdk/8yBLbZJ5hIi9+/z5ZKVBsvCiH9b2Pm/610hUy7Ali0dP4sqtaqCn e8Ox0bxgKupe4716+NissC8tn7lCR8XSir3ZvCqulpWruvhW177VZd8u6y1ZNbd1hFWd9qaMuNHFW11/qzfsfO8ngaMukEo7dZXUE8LOd349OJurdCmeSupecDL5l+LT3Q zDRZ41irqaqvPN8zHNibrQvnrYOySb2qYmbdWkuoYSNW3BHoVamn5GqkOzdBFVz6RoSu9kCMrzqcTV3tuKx3I8tZggVbEIKqkZV+MQQy/G1RxktbBVXfk9lat54zVheuxL 83LSN2c5kuosR6bI8yKviodocVif1ljNSvayO5Mt46xe3W9X90k9wGFF+/X/0d5h/XZ1vb1KzEBaD57DhOerNbLKTC3qRLkwoir7Tpiq/cX0M8juLKbuKH2q57WRrkrd2PD 2GGlgt9xGfK566yiyQ+1JSl+bcdsvhtj1EOa6snB1kLWzX+TZfbN+K8u2tYxfWS96aATbfsqeRReow3/w3XOBnLgwc/MCad/pSXkB5hymAhWqYGoGqRxMS04jg7ZBe24wM hhRg45BJ6hwmMrhVKLTih2wg7GNU5Xpz6PHDrgWPUnl5K493oljEKMQqRQv9CsccK3fVLY7dWS7x/tSbFfe1y6CJnMNdnW7XbP4tpbNTbNFuJrG2xW55eVUPblmqHqrk2e xoVBoU0cVUnVj6otguos/mVNcbxdp9kYlk+90/fBBvXCpF1g9uCf1v3z/bTVWIs04SL44b7rVHIzbSCsKpVAH6kAZA7Pa3ejK+swrnkFn0Dl0DvWgHvQD9AN0AV1AfagP5 VAODaD1GwwaQiMoMtD+CP0IjaExNIEmUAHFrWyn0BR6D72HPkAfoI/QR+gT9An6CfoJ2oP2iu1Npx0lkSeI3/WZUD82Eh29gegN9LEJ3YT2oX3oADqAbkG3oNvQbegOdAe6 C92F7kH3oPvQfegB9AB6CD2EHkGPoEPoEHoMPYaOoCPoCfQEOobicW6fQk+hZ9Az6Dn0HHoBvYBOoBPoJfQSegW9gl5Dr3VOFUX7/6QWN6ll11KLb0KRWrwPRWrxARSpxb egSC2+DUVq8R0oUovvQpFafA+K1OL7UKQWP4AitfghFKnFj6BILT6EIrX4MRSpxUdQpBY/gSK1+BiK1OKnUKQWP4Mitfg5FKnFL6BILT6BIrX4JRSpxa+gSC1+Da1Sq098 bxaTaO7Rl1OLbuDNa8M8gzeB5jFPX3rTpwPgwOAW0PxspNtA82CnO8Adg7tA895B94B7BveB+wYPgAcGX/rRQY+A5scKHQKHBo+BxwZHwJHBE+CJwTHQ/Kygp8BTg2fAM4P nwHODL70y0wlwYvASeGnwCnhl8Bp4bdABqjeg6auV9fbfj58fXHz9bl0dn3yz8t0/9N+Wv+z8vvPHzmpnvfP3zned3c6oc96hnX91vu/8u/Of5S+W/7z89fI3Zejnn+k2v +00Psvf/hd4hwhX</latexit><latexit sha1_base64="ByXliBlX+pu7A9wSeBogaOeLAUE=">AAAXg3icndjbbu O4GQdw77bbbtPTbAs0FwUKo5kBMm06cLZbtBhggU3snBPHcQ7OQYlBUZStsShpJCqHIdSX6tPsbfsipSSKf0lJe7EGZiz++JEiqU+UHDvyvUT0et9/9vmPfvzFT3765c+W fv6LX/7q16+++s1FEqYxZec09MP40iYJ872AnQtP+Owyihnhts8m9qKf10/uWZx4YXAmniJ2y8ks8FyPEqFo+urI4kTMKfHlKOtaJIri8LFbM8smdJH4JJl3H62PKXG6lh vGxPdV0QssubG2udZfs6gTisTKpq9Weu96xaf7/GBdH6x09Gc0/ep3f7CckKacBYKqsyQ3671I3EoSC4/6LFtaWrLShEVqEGTGpEsC+jR34rUuixLXm5Xfa13CEzHnxXc+ 9OIgeeJ2ceCGgUjWuklqqxZpzNa6xbJljZ7FPGaqEAtB7Py8tbqbICTOhzRRw6KeaNZJp+i+aSxQ84lJO5SGPJ+mQi+gfuowOWfEYa2B8NQXXhw+NNX2ZomIU9V4yQrYg5i zMGZc6u9MnumDRq1qG4QPPnNmrDjxja64lRutmqU3jXb+LIw9taD1Fsaap3j0wkZYUW6EUJWdtYh+XmwG+MSr99Evys2QMF+xPInrccB2sOOJZ7Ha2qEfGBUqKZqxFTaD1 fxZ3OrXWCPUYa4XtMcwADaC2SPhkV8fwZaWVhiLqZc04zQ1An3GOcnkYfHVmm4c+j6JnzI1yeqwERGEgrSGPayoEaj2CXWf1C/bSEs7LAqTctJ5hCk0otQ/Ei8yOS6/G3V J6KetEZ1W1AxM1XzVfGpxWpoZm6jAqBzQBo6fX5FMWrbbffFS5JNXuyAvQ8zE1V2kLrxVzkZKKwi9wFG3VzePKuf23pon6p5msvfub6pJlt/PeZuPzJGvLdvPN1u1y8bsdV ZWqFOFLrqSFuPRPF/J0H2fdbN6VLJ4Fne6YILOu2ExyEYLFji667nrqd08H0GmJ1CrKwb7J2nlMdk/8yBLbZJ5hIi9+/z5ZKVBsvCiH9b2Pm/610hUy7Ali0dP4sqtaqCn e8Ox0bxgKupe4716+NissC8tn7lCR8XSir3ZvCqulpWruvhW177VZd8u6y1ZNbd1hFWd9qaMuNHFW11/qzfsfO8ngaMukEo7dZXUE8LOd349OJurdCmeSupecDL5l+LT3Q zDRZ41irqaqvPN8zHNibrQvnrYOySb2qYmbdWkuoYSNW3BHoVamn5GqkOzdBFVz6RoSu9kCMrzqcTV3tuKx3I8tZggVbEIKqkZV+MQQy/G1RxktbBVXfk9lat54zVheuxL 83LSN2c5kuosR6bI8yKviodocVif1ljNSvayO5Mt46xe3W9X90k9wGFF+/X/0d5h/XZ1vb1KzEBaD57DhOerNbLKTC3qRLkwoir7Tpiq/cX0M8juLKbuKH2q57WRrkrd2PD 2GGlgt9xGfK566yiyQ+1JSl+bcdsvhtj1EOa6snB1kLWzX+TZfbN+K8u2tYxfWS96aATbfsqeRReow3/w3XOBnLgwc/MCad/pSXkB5hymAhWqYGoGqRxMS04jg7ZBe24wM hhRg45BJ6hwmMrhVKLTih2wg7GNU5Xpz6PHDrgWPUnl5K493oljEKMQqRQv9CsccK3fVLY7dWS7x/tSbFfe1y6CJnMNdnW7XbP4tpbNTbNFuJrG2xW55eVUPblmqHqrk2e xoVBoU0cVUnVj6otguos/mVNcbxdp9kYlk+90/fBBvXCpF1g9uCf1v3z/bTVWIs04SL44b7rVHIzbSCsKpVAH6kAZA7Pa3ejK+swrnkFn0Dl0DvWgHvQD9AN0AV1AfagP5 VAODaD1GwwaQiMoMtD+CP0IjaExNIEmUAHFrWyn0BR6D72HPkAfoI/QR+gT9An6CfoJ2oP2iu1Npx0lkSeI3/WZUD82Eh29gegN9LEJ3YT2oX3oADqAbkG3oNvQbegOdAe6 C92F7kH3oPvQfegB9AB6CD2EHkGPoEPoEHoMPYaOoCPoCfQEOobicW6fQk+hZ9Az6Dn0HHoBvYBOoBPoJfQSegW9gl5Dr3VOFUX7/6QWN6ll11KLb0KRWrwPRWrxARSpxb egSC2+DUVq8R0oUovvQpFafA+K1OL7UKQWP4AitfghFKnFj6BILT6EIrX4MRSpxUdQpBY/gSK1+BiK1OKnUKQWP4Mitfg5FKnFL6BILT6BIrX4JRSpxa+gSC1+Da1Sq098 bxaTaO7Rl1OLbuDNa8M8gzeB5jFPX3rTpwPgwOAW0PxspNtA82CnO8Adg7tA895B94B7BveB+wYPgAcGX/rRQY+A5scKHQKHBo+BxwZHwJHBE+CJwTHQ/Kygp8BTg2fAM4P nwHODL70y0wlwYvASeGnwCnhl8Bp4bdABqjeg6auV9fbfj58fXHz9bl0dn3yz8t0/9N+Wv+z8vvPHzmpnvfP3zned3c6oc96hnX91vu/8u/Of5S+W/7z89fI3Zejnn+k2v +00Psvf/hd4hwhX</latexit>
A<latexit sha1_base64="iou/aiX1spHThGUHhMwPYO7rE9I =">AAAXNXicndjbbuPGGQdwJU3b1D1tGsA3BQoh3gW8hbuQmxQNFigQW/LZlm35IB9oC8PhUOKKQ3LJoQ87YF8gt+mz9Flyk buit32FDsnh/Ena7UUE7Irz+74ZzpAfD7Id+V4ier3vP/r4J5/89Gc///QXC7/81a9/89sXn/3uPAnTmLIzGvphfGGThPlew M6EJ3x2EcWMcNtnY3vez+PjOxYnXhiciseI3XAyDTzXo0QoOl6bvFjqvekVn+7TjVW9sdTRn6PJZ4t/sJyQppwFgvokSa5Xe 5G4kSQWHvVZtrCwYKUJiwidkymTLgno48yJV7osSlxvWn6vdAlPxIwX35yIWbGRPHK72HDDQCQr3SS1VY80ZivdYqFZY2Qxi 5lqxEIQO99vLXYdhMR5lyZqWtQTzZh0iuGbxgK1npi0U2nI82Uq9ALqpw6TM0Yc1poIT33hxeF9U21vmog4VZ0XrIDdixkLY8 al/s7kqd5oRFXfILz3mTNlxY6vdeBGrrUiC68a/fxpGHvqgNZ7GGvu4sELG2lFu5FCVT3VMvp5s5ngE68+Rr9oN1PC/IjlZV fPA7aTHU88ydXWTn3HqFBF0cytsJms1s/i1rjGGqkOc72gPYcBsJHMHgiP/PoMNrS00lhMvaSZp6mR6DPOSSb3i6/WcuPQ90 n8mKlFVpuNjCAUpDXtYUWNxCgO1XVSP21HWtppUZiUi84zTKORpf6ReJ7JUfndiCWhn7ZmdFJRMzFV61XrqeVpaVZsohKjck Jr2H56RjJp2W732VORL94NY16mmIWrq0ideKtcjZRWEHqBoy6vbp5Vru2tNUvUNc1k781fVJcsv57zPu+ZI19atq8u2eR9SmL 2MisDalehi6GkxXg0y49k6L7Nulk9K5k/yTuZM0Fn3bCYZKMHCxw99Mz1fL+bzyDTC6jFisn+UVp5Tvb3PMlSN8k8Q8TeXf5 EsdIgmXvRj+t7l3f9MhLVYdiQVn7/Tly5UU30ZGc4Mpo3TKDuNd6pp4/MEfal5TNX6KxYWrE3nVXN5TK4rJuvdfS1bvt2Gbd k1d3WGVa12+sy41o3b3T8Rt+w83s/CRx1glTZqbOknhB2fufXk7O5KpfiqaSuBSeTfyo+3fUwnOdVo6irqdrfLJ/TjKgT7av Hs0OyiW0iaSuS6gglatmCPQh1aPoZqTbNoYuoeiZFE3orQ1BeTyUu915XPJKjicUEqZpFUknNvBqHmHoxr+YkqwNbxcrviVz OO68IM2K/PLmU+GoJ1V4OpNrLgWnyvMmr5j567NeXNVKrkr3s1lTLKKuH++1wn9QTHFb0X/0f/R3Wb4fr/VVhBtK69xwmPF8d I6us1CImygMjqrbvhKm6v5hxBtmtxdQVpXf1NBrpUOrGhjdHKAO75Tbyc9W3jqI61D1J6Uszb/vZFLuewlxXFq42snb1i7y6 r1dvZNm3VvFLq8UIjWTbT9mT7AJ1+o++es5RE+dmbV4g7Vu9KC/AmsNUIKAaJjJI5WBSchoZtA3aM4ORwYgadAw6QYXDVA4n EoNW7IAdzG2Uqkp/mj1ywLXscSrHt+35jh2DmIVIpXhmXOGAa+Omsj2oI9sj3pViu/KudhI0mXOwrfttm4Nva1lfN7cIV9No syK3PJ1qJNdMVd/q5GlsKBTa1FaFVF2Y+iSY4eIPZhdXm0WZvVLF5DtdP7xXL1zqBVZP7lH9L9/+rZorkWYeJD84r7rVGozb KCsKpVAH6kAZA7Pa1ejK+sornkKn0Bl0BvWgHvQd9B10Dp1DfagP5VAODaD1CwwaQiMoKtB+D30PjaExNIEmUAHFpWyn0BR6B 72D3kPvoQ/QB+gj9BH6AfoB2oP2itubLjtKIk8Qv+szoX5sJDp7DdlrGGMdug7tQ/vQAXQA3YBuQDehm9At6BZ0G7oN3YHuQ Hehu9A96B50H7oPPYAeQIfQIfQQegg9gh5Bj6HH0BEUj3P7BHoCPYWeQs+gZ9Bz6Dl0DB1DL6AX0EvoJfQKeqVrqmja/6e0u Cktu1ZafB2K0uJ9KEqLD6AoLb4BRWnxTShKi29BUVp8G4rS4jtQlBbfhaK0+B4UpcX3oSgtfgBFafEhFKXFD6EoLX4ERWnxY yhKi4+gKC1+AkVp8VMoSoufQVFa/ByK0uJjKEqLX0BRWvwSitLiV9CqtPrE96YxiWYefb606BrevNbMM3gdaB7z9Lk3fToAD gxuAM3PRroJNA92ugXcMrgNNO8ddAe4Y3AXuGtwD7hn8LkfHfQAaH6s0CFwaPAQeGjwCHhk8Bh4bHAEND8r6AnwxOAp8NTgGf DM4HOvzHQMHBu8AF4YvAReGrwCXhl0gOoNaPJiabX99+OnG+d/frOqto+/Wvrma/235U87v+980VnurHb+2vmms9056px1aI d1vu181/nH4j8Xf1j81+K/y9SPP9J9Pu80Pov/+S90Cu1I</latexit><latexit sha1_base64="iou/aiX1spHThGUHhMwPYO7rE9I =">AAAXNXicndjbbuPGGQdwJU3b1D1tGsA3BQoh3gW8hbuQmxQNFigQW/LZlm35IB9oC8PhUOKKQ3LJoQ87YF8gt+mz9Flyk buit32FDsnh/Ena7UUE7Irz+74ZzpAfD7Id+V4ier3vP/r4J5/89Gc///QXC7/81a9/89sXn/3uPAnTmLIzGvphfGGThPlew M6EJ3x2EcWMcNtnY3vez+PjOxYnXhiciseI3XAyDTzXo0QoOl6bvFjqvekVn+7TjVW9sdTRn6PJZ4t/sJyQppwFgvokSa5Xe 5G4kSQWHvVZtrCwYKUJiwidkymTLgno48yJV7osSlxvWn6vdAlPxIwX35yIWbGRPHK72HDDQCQr3SS1VY80ZivdYqFZY2Qxi 5lqxEIQO99vLXYdhMR5lyZqWtQTzZh0iuGbxgK1npi0U2nI82Uq9ALqpw6TM0Yc1poIT33hxeF9U21vmog4VZ0XrIDdixkLY8 al/s7kqd5oRFXfILz3mTNlxY6vdeBGrrUiC68a/fxpGHvqgNZ7GGvu4sELG2lFu5FCVT3VMvp5s5ngE68+Rr9oN1PC/IjlZV fPA7aTHU88ydXWTn3HqFBF0cytsJms1s/i1rjGGqkOc72gPYcBsJHMHgiP/PoMNrS00lhMvaSZp6mR6DPOSSb3i6/WcuPQ90 n8mKlFVpuNjCAUpDXtYUWNxCgO1XVSP21HWtppUZiUi84zTKORpf6ReJ7JUfndiCWhn7ZmdFJRMzFV61XrqeVpaVZsohKjck Jr2H56RjJp2W732VORL94NY16mmIWrq0ideKtcjZRWEHqBoy6vbp5Vru2tNUvUNc1k781fVJcsv57zPu+ZI19atq8u2eR9SmL 2MisDalehi6GkxXg0y49k6L7Nulk9K5k/yTuZM0Fn3bCYZKMHCxw99Mz1fL+bzyDTC6jFisn+UVp5Tvb3PMlSN8k8Q8TeXf5 EsdIgmXvRj+t7l3f9MhLVYdiQVn7/Tly5UU30ZGc4Mpo3TKDuNd6pp4/MEfal5TNX6KxYWrE3nVXN5TK4rJuvdfS1bvt2Gbd k1d3WGVa12+sy41o3b3T8Rt+w83s/CRx1glTZqbOknhB2fufXk7O5KpfiqaSuBSeTfyo+3fUwnOdVo6irqdrfLJ/TjKgT7av Hs0OyiW0iaSuS6gglatmCPQh1aPoZqTbNoYuoeiZFE3orQ1BeTyUu915XPJKjicUEqZpFUknNvBqHmHoxr+YkqwNbxcrviVz OO68IM2K/PLmU+GoJ1V4OpNrLgWnyvMmr5j567NeXNVKrkr3s1lTLKKuH++1wn9QTHFb0X/0f/R3Wb4fr/VVhBtK69xwmPF8d I6us1CImygMjqrbvhKm6v5hxBtmtxdQVpXf1NBrpUOrGhjdHKAO75Tbyc9W3jqI61D1J6Uszb/vZFLuewlxXFq42snb1i7y6 r1dvZNm3VvFLq8UIjWTbT9mT7AJ1+o++es5RE+dmbV4g7Vu9KC/AmsNUIKAaJjJI5WBSchoZtA3aM4ORwYgadAw6QYXDVA4n EoNW7IAdzG2Uqkp/mj1ywLXscSrHt+35jh2DmIVIpXhmXOGAa+Omsj2oI9sj3pViu/KudhI0mXOwrfttm4Nva1lfN7cIV9No syK3PJ1qJNdMVd/q5GlsKBTa1FaFVF2Y+iSY4eIPZhdXm0WZvVLF5DtdP7xXL1zqBVZP7lH9L9/+rZorkWYeJD84r7rVGozb KCsKpVAH6kAZA7Pa1ejK+sornkKn0Bl0BvWgHvQd9B10Dp1DfagP5VAODaD1CwwaQiMoKtB+D30PjaExNIEmUAHFpWyn0BR6B 72D3kPvoQ/QB+gj9BH6AfoB2oP2itubLjtKIk8Qv+szoX5sJDp7DdlrGGMdug7tQ/vQAXQA3YBuQDehm9At6BZ0G7oN3YHuQ Hehu9A96B50H7oPPYAeQIfQIfQQegg9gh5Bj6HH0BEUj3P7BHoCPYWeQs+gZ9Bz6Dl0DB1DL6AX0EvoJfQKeqVrqmja/6e0u Cktu1ZafB2K0uJ9KEqLD6AoLb4BRWnxTShKi29BUVp8G4rS4jtQlBbfhaK0+B4UpcX3oSgtfgBFafEhFKXFD6EoLX4ERWnxY yhKi4+gKC1+AkVp8VMoSoufQVFa/ByK0uJjKEqLX0BRWvwSitLiV9CqtPrE96YxiWYefb606BrevNbMM3gdaB7z9Lk3fToAD gxuAM3PRroJNA92ugXcMrgNNO8ddAe4Y3AXuGtwD7hn8LkfHfQAaH6s0CFwaPAQeGjwCHhk8Bh4bHAEND8r6AnwxOAp8NTgGf DM4HOvzHQMHBu8AF4YvAReGrwCXhl0gOoNaPJiabX99+OnG+d/frOqto+/Wvrma/235U87v+980VnurHb+2vmms9056px1aI d1vu181/nH4j8Xf1j81+K/y9SPP9J9Pu80Pov/+S90Cu1I</latexit><latexit sha1_base64="iou/aiX1spHThGUHhMwPYO7rE9I =">AAAXNXicndjbbuPGGQdwJU3b1D1tGsA3BQoh3gW8hbuQmxQNFigQW/LZlm35IB9oC8PhUOKKQ3LJoQ87YF8gt+mz9Flyk buit32FDsnh/Ena7UUE7Irz+74ZzpAfD7Id+V4ier3vP/r4J5/89Gc///QXC7/81a9/89sXn/3uPAnTmLIzGvphfGGThPlew M6EJ3x2EcWMcNtnY3vez+PjOxYnXhiciseI3XAyDTzXo0QoOl6bvFjqvekVn+7TjVW9sdTRn6PJZ4t/sJyQppwFgvokSa5Xe 5G4kSQWHvVZtrCwYKUJiwidkymTLgno48yJV7osSlxvWn6vdAlPxIwX35yIWbGRPHK72HDDQCQr3SS1VY80ZivdYqFZY2Qxi 5lqxEIQO99vLXYdhMR5lyZqWtQTzZh0iuGbxgK1npi0U2nI82Uq9ALqpw6TM0Yc1poIT33hxeF9U21vmog4VZ0XrIDdixkLY8 al/s7kqd5oRFXfILz3mTNlxY6vdeBGrrUiC68a/fxpGHvqgNZ7GGvu4sELG2lFu5FCVT3VMvp5s5ngE68+Rr9oN1PC/IjlZV fPA7aTHU88ydXWTn3HqFBF0cytsJms1s/i1rjGGqkOc72gPYcBsJHMHgiP/PoMNrS00lhMvaSZp6mR6DPOSSb3i6/WcuPQ90 n8mKlFVpuNjCAUpDXtYUWNxCgO1XVSP21HWtppUZiUi84zTKORpf6ReJ7JUfndiCWhn7ZmdFJRMzFV61XrqeVpaVZsohKjck Jr2H56RjJp2W732VORL94NY16mmIWrq0ideKtcjZRWEHqBoy6vbp5Vru2tNUvUNc1k781fVJcsv57zPu+ZI19atq8u2eR9SmL 2MisDalehi6GkxXg0y49k6L7Nulk9K5k/yTuZM0Fn3bCYZKMHCxw99Mz1fL+bzyDTC6jFisn+UVp5Tvb3PMlSN8k8Q8TeXf5 EsdIgmXvRj+t7l3f9MhLVYdiQVn7/Tly5UU30ZGc4Mpo3TKDuNd6pp4/MEfal5TNX6KxYWrE3nVXN5TK4rJuvdfS1bvt2Gbd k1d3WGVa12+sy41o3b3T8Rt+w83s/CRx1glTZqbOknhB2fufXk7O5KpfiqaSuBSeTfyo+3fUwnOdVo6irqdrfLJ/TjKgT7av Hs0OyiW0iaSuS6gglatmCPQh1aPoZqTbNoYuoeiZFE3orQ1BeTyUu915XPJKjicUEqZpFUknNvBqHmHoxr+YkqwNbxcrviVz OO68IM2K/PLmU+GoJ1V4OpNrLgWnyvMmr5j567NeXNVKrkr3s1lTLKKuH++1wn9QTHFb0X/0f/R3Wb4fr/VVhBtK69xwmPF8d I6us1CImygMjqrbvhKm6v5hxBtmtxdQVpXf1NBrpUOrGhjdHKAO75Tbyc9W3jqI61D1J6Uszb/vZFLuewlxXFq42snb1i7y6 r1dvZNm3VvFLq8UIjWTbT9mT7AJ1+o++es5RE+dmbV4g7Vu9KC/AmsNUIKAaJjJI5WBSchoZtA3aM4ORwYgadAw6QYXDVA4n EoNW7IAdzG2Uqkp/mj1ywLXscSrHt+35jh2DmIVIpXhmXOGAa+Omsj2oI9sj3pViu/KudhI0mXOwrfttm4Nva1lfN7cIV9No syK3PJ1qJNdMVd/q5GlsKBTa1FaFVF2Y+iSY4eIPZhdXm0WZvVLF5DtdP7xXL1zqBVZP7lH9L9/+rZorkWYeJD84r7rVGozb KCsKpVAH6kAZA7Pa1ejK+sornkKn0Bl0BvWgHvQd9B10Dp1DfagP5VAODaD1CwwaQiMoKtB+D30PjaExNIEmUAHFpWyn0BR6B 72D3kPvoQ/QB+gj9BH6AfoB2oP2itubLjtKIk8Qv+szoX5sJDp7DdlrGGMdug7tQ/vQAXQA3YBuQDehm9At6BZ0G7oN3YHuQ Hehu9A96B50H7oPPYAeQIfQIfQQegg9gh5Bj6HH0BEUj3P7BHoCPYWeQs+gZ9Bz6Dl0DB1DL6AX0EvoJfQKeqVrqmja/6e0u Cktu1ZafB2K0uJ9KEqLD6AoLb4BRWnxTShKi29BUVp8G4rS4jtQlBbfhaK0+B4UpcX3oSgtfgBFafEhFKXFD6EoLX4ERWnxY yhKi4+gKC1+AkVp8VMoSoufQVFa/ByK0uJjKEqLX0BRWvwSitLiV9CqtPrE96YxiWYefb606BrevNbMM3gdaB7z9Lk3fToAD gxuAM3PRroJNA92ugXcMrgNNO8ddAe4Y3AXuGtwD7hn8LkfHfQAaH6s0CFwaPAQeGjwCHhk8Bh4bHAEND8r6AnwxOAp8NTgGf DM4HOvzHQMHBu8AF4YvAReGrwCXhl0gOoNaPJiabX99+OnG+d/frOqto+/Wvrma/235U87v+980VnurHb+2vmms9056px1aI d1vu181/nH4j8Xf1j81+K/y9SPP9J9Pu80Pov/+S90Cu1I</latexit><latexit sha1_base64="iou/aiX1spHThGUHhMwPYO7rE9I =">AAAXNXicndjbbuPGGQdwJU3b1D1tGsA3BQoh3gW8hbuQmxQNFigQW/LZlm35IB9oC8PhUOKKQ3LJoQ87YF8gt+mz9Flyk buit32FDsnh/Ena7UUE7Irz+74ZzpAfD7Id+V4ier3vP/r4J5/89Gc///QXC7/81a9/89sXn/3uPAnTmLIzGvphfGGThPlew M6EJ3x2EcWMcNtnY3vez+PjOxYnXhiciseI3XAyDTzXo0QoOl6bvFjqvekVn+7TjVW9sdTRn6PJZ4t/sJyQppwFgvokSa5Xe 5G4kSQWHvVZtrCwYKUJiwidkymTLgno48yJV7osSlxvWn6vdAlPxIwX35yIWbGRPHK72HDDQCQr3SS1VY80ZivdYqFZY2Qxi 5lqxEIQO99vLXYdhMR5lyZqWtQTzZh0iuGbxgK1npi0U2nI82Uq9ALqpw6TM0Yc1poIT33hxeF9U21vmog4VZ0XrIDdixkLY8 al/s7kqd5oRFXfILz3mTNlxY6vdeBGrrUiC68a/fxpGHvqgNZ7GGvu4sELG2lFu5FCVT3VMvp5s5ngE68+Rr9oN1PC/IjlZV fPA7aTHU88ydXWTn3HqFBF0cytsJms1s/i1rjGGqkOc72gPYcBsJHMHgiP/PoMNrS00lhMvaSZp6mR6DPOSSb3i6/WcuPQ90 n8mKlFVpuNjCAUpDXtYUWNxCgO1XVSP21HWtppUZiUi84zTKORpf6ReJ7JUfndiCWhn7ZmdFJRMzFV61XrqeVpaVZsohKjck Jr2H56RjJp2W732VORL94NY16mmIWrq0ideKtcjZRWEHqBoy6vbp5Vru2tNUvUNc1k781fVJcsv57zPu+ZI19atq8u2eR9SmL 2MisDalehi6GkxXg0y49k6L7Nulk9K5k/yTuZM0Fn3bCYZKMHCxw99Mz1fL+bzyDTC6jFisn+UVp5Tvb3PMlSN8k8Q8TeXf5 EsdIgmXvRj+t7l3f9MhLVYdiQVn7/Tly5UU30ZGc4Mpo3TKDuNd6pp4/MEfal5TNX6KxYWrE3nVXN5TK4rJuvdfS1bvt2Gbd k1d3WGVa12+sy41o3b3T8Rt+w83s/CRx1glTZqbOknhB2fufXk7O5KpfiqaSuBSeTfyo+3fUwnOdVo6irqdrfLJ/TjKgT7av Hs0OyiW0iaSuS6gglatmCPQh1aPoZqTbNoYuoeiZFE3orQ1BeTyUu915XPJKjicUEqZpFUknNvBqHmHoxr+YkqwNbxcrviVz OO68IM2K/PLmU+GoJ1V4OpNrLgWnyvMmr5j567NeXNVKrkr3s1lTLKKuH++1wn9QTHFb0X/0f/R3Wb4fr/VVhBtK69xwmPF8d I6us1CImygMjqrbvhKm6v5hxBtmtxdQVpXf1NBrpUOrGhjdHKAO75Tbyc9W3jqI61D1J6Uszb/vZFLuewlxXFq42snb1i7y6 r1dvZNm3VvFLq8UIjWTbT9mT7AJ1+o++es5RE+dmbV4g7Vu9KC/AmsNUIKAaJjJI5WBSchoZtA3aM4ORwYgadAw6QYXDVA4n EoNW7IAdzG2Uqkp/mj1ywLXscSrHt+35jh2DmIVIpXhmXOGAa+Omsj2oI9sj3pViu/KudhI0mXOwrfttm4Nva1lfN7cIV9No syK3PJ1qJNdMVd/q5GlsKBTa1FaFVF2Y+iSY4eIPZhdXm0WZvVLF5DtdP7xXL1zqBVZP7lH9L9/+rZorkWYeJD84r7rVGozb KCsKpVAH6kAZA7Pa1ejK+sornkKn0Bl0BvWgHvQd9B10Dp1DfagP5VAODaD1CwwaQiMoKtB+D30PjaExNIEmUAHFpWyn0BR6B 72D3kPvoQ/QB+gj9BH6AfoB2oP2itubLjtKIk8Qv+szoX5sJDp7DdlrGGMdug7tQ/vQAXQA3YBuQDehm9At6BZ0G7oN3YHuQ Hehu9A96B50H7oPPYAeQIfQIfQQegg9gh5Bj6HH0BEUj3P7BHoCPYWeQs+gZ9Bz6Dl0DB1DL6AX0EvoJfQKeqVrqmja/6e0u Cktu1ZafB2K0uJ9KEqLD6AoLb4BRWnxTShKi29BUVp8G4rS4jtQlBbfhaK0+B4UpcX3oSgtfgBFafEhFKXFD6EoLX4ERWnxY yhKi4+gKC1+AkVp8VMoSoufQVFa/ByK0uJjKEqLX0BRWvwSitLiV9CqtPrE96YxiWYefb606BrevNbMM3gdaB7z9Lk3fToAD gxuAM3PRroJNA92ugXcMrgNNO8ddAe4Y3AXuGtwD7hn8LkfHfQAaH6s0CFwaPAQeGjwCHhk8Bh4bHAEND8r6AnwxOAp8NTgGf DM4HOvzHQMHBu8AF4YvAReGrwCXhl0gOoNaPJiabX99+OnG+d/frOqto+/Wvrma/235U87v+980VnurHb+2vmms9056px1aI d1vu181/nH4j8Xf1j81+K/y9SPP9J9Pu80Pov/+S90Cu1I</latexit>
population
P
<latexit sha1_base64="yhu Q3uLujdoQ0bGA2EbATKtc7mo=">AAAXP3icndjbbuO4GQdw7 /a0TU+zLZCbAoXRzACZIh043S1aDFBgEzvnxHGcg3NQYlAUZ WssShqJymEI9S162z5LH6NP0Luit70rJVH8S0raizUwY/H3f aRI6dPBsSPfS0Sv94/PPv/Od7/3/R988cOlH/34Jz/92asvf 36RhGlM2TkN/TC+tEnCfC9g58ITPruMYka47bOJvejn8ck9i xMvDM7EU8RuOZkFnutRIhTdWJyIOSW+HGXTVyu9d73i032+s a43Vjr6M5p+ufwrywlpylkgqE+S5Ga9F4lbSWLhUZ9lS0tLV pqwiNAFmTHpkoA+zZ14rcuixPVm5fdal/BEzHnxnU+m2Eieu F1suGEgkrVuktqqRxqztW6x5KwxspjHTDViIYid77cWuwlC4n xIEzUt6olmTDrF8E1jgVpPTNqpNOT5MhV6AfVTh8k5Iw5rTY SnvvDi8KGptjdLRJyqzktWwB7EnIUx41J/Z/JMbzSiqm8QPv jMmbFixzc6cCs3WpGlN41+/iyMPXVA6z2MNXfx6IWNtKLdSK GqsmoZ/bzZTPCJVx+jX7SbKWF+xPICrOcB28mOJ57lamunfm BUqKJo5lbYTFbrZ3FrXGONVIe5XtCewwDYSGaPhEd+fQZbWl ppLKZe0szT1Ej0Geckk4fFV2u5cej7JH7K1CKrzUZGEArSmv awokZiFIfqOqmftpGWdloUJuWi8wzTaGSpfyReZHJcfjdiSe inrRmdVtRMTNV61XpqeVqaFZuoxKic0Aa2n5+RTFq2233xVO SLd8OYlylm4eoqUifeKlcjpRWEXuCoy6ubZ5Vre2/NE3VNM9 l793vVJcuv57zPR+bI15btq0s2+ZiSmL3OyoDaVehiKGkxHs3 zIxm677NuVs9KFs/yThdM0Hk3LCbZ6MECRw89dz3f7+YzyPQ CarFisr+RVp6T/TlPstRNMs8QsXefP1usNEgWXvTt+t7nXb+ KRHUYtmTxMElcuVVN9HRvODaaN0yg7jXeq6ePzRH2peUzV+i sWFqxN5tXzdUyuKqbb3X0rW77dhm3ZNXd1hlWtdubMuNGN29 1/FbfsPN7PwkcdYJU2amzpJ4Qdn7n15OzuSqX4qmkrgUnk78 tPt3NMFzkVaOoq6na3zyf05yoE+2rB7VDsqltImkrkuoIJWr Zgj0KdWj6Gak2zaGLqHomRVN6J0NQXk8lrvbeVjyW46nFBKm aRVJJzbwah5h6Ma/mJKsDW8XK76lczTuvCTNiX5rXjb7Zy5F UezkyTZ43edU8RI/D+rLGalWyl92Zahln9XC/He6TeoLDiv7r /6O/w/rtcL2/KsxAWg+ew4Tnq2NklZVaxER5YETV9p0wVfcX M84gu7OYuqL0rp5HIx1K3djw9hhlYLfcRn6u+tZRVIe6Jyl9 beZtv5hi11OY68rC1UbWrn6RV/fN+q0s+9YqfmW9GKGRbPsp e5ZdoE7/1lfPBWriwqzNC6R9pxflBVhzmAoEVMNEBqkcTEtO I4O2QXtuMDIYUYOOQSeocJjK4VRi0IodsIO5jVNV6c+zxw64 lj1J5eSuPd+JYxCzEKkUL4wrHHBt3FS2B3Vke8T7UmxX3tdO giZzDnZ1v11z8G0tm5vmFuFqGm9X5JanU43kmqnqW508iw2F QpvaqpCqC1OfBDNc/Mns4nq7KLM3qph8p+uHD+qFS73A6sk9 qf/l+z9VcyXSzIPkB+dNt1qDcRtlRaEU6kAdKGNgVrsaXVlf ecUz6Aw6h86hHtSDfoB+gC6gC6gP9aEcyqEBtH6BQUNoBEUF2 h+hH6ExNIYm0AQqoLiU7RSaQu+h99AH6AP0EfoIfYI+QT9BP 0F70F5xe9NlR0nkCeJ3fSbUj41EZ28gewNjbEI3oX1oHzqAD qBb0C3oNnQbugPdge5Cd6F70D3oPnQfegA9gB5CD6FH0CPoE DqEHkOPoSPoCHoCPYGOoXic26fQU+gZ9Ax6Dj2HXkAvoBPoB HoJvYReQa+g19BrXVNF0/4/pcVNadm10uKbUJQW70NRWnwAR WnxLShKi29DUVp8B4rS4rtQlBbfg6K0+D4UpcUPoCgtfghFa fEjKEqLD6EoLX4MRWnxERSlxU+gKC0+hqK0+CkUpcXPoCgtf g5FafELKEqLT6AoLX4JRWnxKyhKi19Dq9LqE9+bxSSae/Tl0 qIbePPaMM/gTaB5zNOX3vTpADgwuAU0PxvpNtA82OkOcMfgLt C8d9A94J7BfeC+wQPggcGXfnTQI6D5sUKHwKHBY+CxwRFwZP AEeGJwDDQ/K+gp8NTgGfDM4Dnw3OBLr8x0ApwYvAReGrwCXh m8Bl4bdIDqDWj6amW9/ffj5xsXv3u3rrZPvl755o/6b8tfdH 7Z+XVntbPe+UPnm85uZ9Q579BO2PlL56+dvy3/ffmfy/9a/n eZ+vlnus8vOo3P8n/+C4n28ek=</latexit><latexit sha1_base64="yhu Q3uLujdoQ0bGA2EbATKtc7mo=">AAAXP3icndjbbuO4GQdw7 /a0TU+zLZCbAoXRzACZIh043S1aDFBgEzvnxHGcg3NQYlAUZ WssShqJymEI9S162z5LH6NP0Luit70rJVH8S0raizUwY/H3f aRI6dPBsSPfS0Sv94/PPv/Od7/3/R988cOlH/34Jz/92asvf 36RhGlM2TkN/TC+tEnCfC9g58ITPruMYka47bOJvejn8ck9i xMvDM7EU8RuOZkFnutRIhTdWJyIOSW+HGXTVyu9d73i032+s a43Vjr6M5p+ufwrywlpylkgqE+S5Ga9F4lbSWLhUZ9lS0tLV pqwiNAFmTHpkoA+zZ14rcuixPVm5fdal/BEzHnxnU+m2Eieu F1suGEgkrVuktqqRxqztW6x5KwxspjHTDViIYid77cWuwlC4n xIEzUt6olmTDrF8E1jgVpPTNqpNOT5MhV6AfVTh8k5Iw5rTY SnvvDi8KGptjdLRJyqzktWwB7EnIUx41J/Z/JMbzSiqm8QPv jMmbFixzc6cCs3WpGlN41+/iyMPXVA6z2MNXfx6IWNtKLdSK GqsmoZ/bzZTPCJVx+jX7SbKWF+xPICrOcB28mOJ57lamunfm BUqKJo5lbYTFbrZ3FrXGONVIe5XtCewwDYSGaPhEd+fQZbWl ppLKZe0szT1Ej0Geckk4fFV2u5cej7JH7K1CKrzUZGEArSmv awokZiFIfqOqmftpGWdloUJuWi8wzTaGSpfyReZHJcfjdiSe inrRmdVtRMTNV61XpqeVqaFZuoxKic0Aa2n5+RTFq2233xVO SLd8OYlylm4eoqUifeKlcjpRWEXuCoy6ubZ5Vre2/NE3VNM9 l793vVJcuv57zPR+bI15btq0s2+ZiSmL3OyoDaVehiKGkxHs3 zIxm677NuVs9KFs/yThdM0Hk3LCbZ6MECRw89dz3f7+YzyPQ CarFisr+RVp6T/TlPstRNMs8QsXefP1usNEgWXvTt+t7nXb+ KRHUYtmTxMElcuVVN9HRvODaaN0yg7jXeq6ePzRH2peUzV+i sWFqxN5tXzdUyuKqbb3X0rW77dhm3ZNXd1hlWtdubMuNGN29 1/FbfsPN7PwkcdYJU2amzpJ4Qdn7n15OzuSqX4qmkrgUnk78 tPt3NMFzkVaOoq6na3zyf05yoE+2rB7VDsqltImkrkuoIJWr Zgj0KdWj6Gak2zaGLqHomRVN6J0NQXk8lrvbeVjyW46nFBKm aRVJJzbwah5h6Ma/mJKsDW8XK76lczTuvCTNiX5rXjb7Zy5F UezkyTZ43edU8RI/D+rLGalWyl92Zahln9XC/He6TeoLDiv7r /6O/w/rtcL2/KsxAWg+ew4Tnq2NklZVaxER5YETV9p0wVfcX M84gu7OYuqL0rp5HIx1K3djw9hhlYLfcRn6u+tZRVIe6Jyl9 beZtv5hi11OY68rC1UbWrn6RV/fN+q0s+9YqfmW9GKGRbPsp e5ZdoE7/1lfPBWriwqzNC6R9pxflBVhzmAoEVMNEBqkcTEtO I4O2QXtuMDIYUYOOQSeocJjK4VRi0IodsIO5jVNV6c+zxw64 lj1J5eSuPd+JYxCzEKkUL4wrHHBt3FS2B3Vke8T7UmxX3tdO giZzDnZ1v11z8G0tm5vmFuFqGm9X5JanU43kmqnqW508iw2F QpvaqpCqC1OfBDNc/Mns4nq7KLM3qph8p+uHD+qFS73A6sk9 qf/l+z9VcyXSzIPkB+dNt1qDcRtlRaEU6kAdKGNgVrsaXVlf ecUz6Aw6h86hHtSDfoB+gC6gC6gP9aEcyqEBtH6BQUNoBEUF2 h+hH6ExNIYm0AQqoLiU7RSaQu+h99AH6AP0EfoIfYI+QT9BP 0F70F5xe9NlR0nkCeJ3fSbUj41EZ28gewNjbEI3oX1oHzqAD qBb0C3oNnQbugPdge5Cd6F70D3oPnQfegA9gB5CD6FH0CPoE DqEHkOPoSPoCHoCPYGOoXic26fQU+gZ9Ax6Dj2HXkAvoBPoB HoJvYReQa+g19BrXVNF0/4/pcVNadm10uKbUJQW70NRWnwAR WnxLShKi29DUVp8B4rS4rtQlBbfg6K0+D4UpcUPoCgtfghFa fEjKEqLD6EoLX4MRWnxERSlxU+gKC0+hqK0+CkUpcXPoCgtf g5FafELKEqLT6AoLX4JRWnxKyhKi19Dq9LqE9+bxSSae/Tl0 qIbePPaMM/gTaB5zNOX3vTpADgwuAU0PxvpNtA82OkOcMfgLt C8d9A94J7BfeC+wQPggcGXfnTQI6D5sUKHwKHBY+CxwRFwZP AEeGJwDDQ/K+gp8NTgGfDM4Dnw3OBLr8x0ApwYvAReGrwCXh m8Bl4bdIDqDWj6amW9/ffj5xsXv3u3rrZPvl755o/6b8tfdH 7Z+XVntbPe+UPnm85uZ9Q579BO2PlL56+dvy3/ffmfy/9a/n eZ+vlnus8vOo3P8n/+C4n28ek=</latexit><latexit sha1_base64="yhu Q3uLujdoQ0bGA2EbATKtc7mo=">AAAXP3icndjbbuO4GQdw7 /a0TU+zLZCbAoXRzACZIh043S1aDFBgEzvnxHGcg3NQYlAUZ WssShqJymEI9S162z5LH6NP0Luit70rJVH8S0raizUwY/H3f aRI6dPBsSPfS0Sv94/PPv/Od7/3/R988cOlH/34Jz/92asvf 36RhGlM2TkN/TC+tEnCfC9g58ITPruMYka47bOJvejn8ck9i xMvDM7EU8RuOZkFnutRIhTdWJyIOSW+HGXTVyu9d73i032+s a43Vjr6M5p+ufwrywlpylkgqE+S5Ga9F4lbSWLhUZ9lS0tLV pqwiNAFmTHpkoA+zZ14rcuixPVm5fdal/BEzHnxnU+m2Eieu F1suGEgkrVuktqqRxqztW6x5KwxspjHTDViIYid77cWuwlC4n xIEzUt6olmTDrF8E1jgVpPTNqpNOT5MhV6AfVTh8k5Iw5rTY SnvvDi8KGptjdLRJyqzktWwB7EnIUx41J/Z/JMbzSiqm8QPv jMmbFixzc6cCs3WpGlN41+/iyMPXVA6z2MNXfx6IWNtKLdSK GqsmoZ/bzZTPCJVx+jX7SbKWF+xPICrOcB28mOJ57lamunfm BUqKJo5lbYTFbrZ3FrXGONVIe5XtCewwDYSGaPhEd+fQZbWl ppLKZe0szT1Ej0Geckk4fFV2u5cej7JH7K1CKrzUZGEArSmv awokZiFIfqOqmftpGWdloUJuWi8wzTaGSpfyReZHJcfjdiSe inrRmdVtRMTNV61XpqeVqaFZuoxKic0Aa2n5+RTFq2233xVO SLd8OYlylm4eoqUifeKlcjpRWEXuCoy6ubZ5Vre2/NE3VNM9 l793vVJcuv57zPR+bI15btq0s2+ZiSmL3OyoDaVehiKGkxHs3 zIxm677NuVs9KFs/yThdM0Hk3LCbZ6MECRw89dz3f7+YzyPQ CarFisr+RVp6T/TlPstRNMs8QsXefP1usNEgWXvTt+t7nXb+ KRHUYtmTxMElcuVVN9HRvODaaN0yg7jXeq6ePzRH2peUzV+i sWFqxN5tXzdUyuKqbb3X0rW77dhm3ZNXd1hlWtdubMuNGN29 1/FbfsPN7PwkcdYJU2amzpJ4Qdn7n15OzuSqX4qmkrgUnk78 tPt3NMFzkVaOoq6na3zyf05yoE+2rB7VDsqltImkrkuoIJWr Zgj0KdWj6Gak2zaGLqHomRVN6J0NQXk8lrvbeVjyW46nFBKm aRVJJzbwah5h6Ma/mJKsDW8XK76lczTuvCTNiX5rXjb7Zy5F UezkyTZ43edU8RI/D+rLGalWyl92Zahln9XC/He6TeoLDiv7r /6O/w/rtcL2/KsxAWg+ew4Tnq2NklZVaxER5YETV9p0wVfcX M84gu7OYuqL0rp5HIx1K3djw9hhlYLfcRn6u+tZRVIe6Jyl9 beZtv5hi11OY68rC1UbWrn6RV/fN+q0s+9YqfmW9GKGRbPsp e5ZdoE7/1lfPBWriwqzNC6R9pxflBVhzmAoEVMNEBqkcTEtO I4O2QXtuMDIYUYOOQSeocJjK4VRi0IodsIO5jVNV6c+zxw64 lj1J5eSuPd+JYxCzEKkUL4wrHHBt3FS2B3Vke8T7UmxX3tdO giZzDnZ1v11z8G0tm5vmFuFqGm9X5JanU43kmqnqW508iw2F QpvaqpCqC1OfBDNc/Mns4nq7KLM3qph8p+uHD+qFS73A6sk9 qf/l+z9VcyXSzIPkB+dNt1qDcRtlRaEU6kAdKGNgVrsaXVlf ecUz6Aw6h86hHtSDfoB+gC6gC6gP9aEcyqEBtH6BQUNoBEUF2 h+hH6ExNIYm0AQqoLiU7RSaQu+h99AH6AP0EfoIfYI+QT9BP 0F70F5xe9NlR0nkCeJ3fSbUj41EZ28gewNjbEI3oX1oHzqAD qBb0C3oNnQbugPdge5Cd6F70D3oPnQfegA9gB5CD6FH0CPoE DqEHkOPoSPoCHoCPYGOoXic26fQU+gZ9Ax6Dj2HXkAvoBPoB HoJvYReQa+g19BrXVNF0/4/pcVNadm10uKbUJQW70NRWnwAR WnxLShKi29DUVp8B4rS4rtQlBbfg6K0+D4UpcUPoCgtfghFa fEjKEqLD6EoLX4MRWnxERSlxU+gKC0+hqK0+CkUpcXPoCgtf g5FafELKEqLT6AoLX4JRWnxKyhKi19Dq9LqE9+bxSSae/Tl0 qIbePPaMM/gTaB5zNOX3vTpADgwuAU0PxvpNtA82OkOcMfgLt C8d9A94J7BfeC+wQPggcGXfnTQI6D5sUKHwKHBY+CxwRFwZP AEeGJwDDQ/K+gp8NTgGfDM4Dnw3OBLr8x0ApwYvAReGrwCXh m8Bl4bdIDqDWj6amW9/ffj5xsXv3u3rrZPvl755o/6b8tfdH 7Z+XVntbPe+UPnm85uZ9Q579BO2PlL56+dvy3/ffmfy/9a/n eZ+vlnus8vOo3P8n/+C4n28ek=</latexit><latexit sha1_base64="yhu Q3uLujdoQ0bGA2EbATKtc7mo=">AAAXP3icndjbbuO4GQdw7 /a0TU+zLZCbAoXRzACZIh043S1aDFBgEzvnxHGcg3NQYlAUZ WssShqJymEI9S162z5LH6NP0Luit70rJVH8S0raizUwY/H3f aRI6dPBsSPfS0Sv94/PPv/Od7/3/R988cOlH/34Jz/92asvf 36RhGlM2TkN/TC+tEnCfC9g58ITPruMYka47bOJvejn8ck9i xMvDM7EU8RuOZkFnutRIhTdWJyIOSW+HGXTVyu9d73i032+s a43Vjr6M5p+ufwrywlpylkgqE+S5Ga9F4lbSWLhUZ9lS0tLV pqwiNAFmTHpkoA+zZ14rcuixPVm5fdal/BEzHnxnU+m2Eieu F1suGEgkrVuktqqRxqztW6x5KwxspjHTDViIYid77cWuwlC4n xIEzUt6olmTDrF8E1jgVpPTNqpNOT5MhV6AfVTh8k5Iw5rTY SnvvDi8KGptjdLRJyqzktWwB7EnIUx41J/Z/JMbzSiqm8QPv jMmbFixzc6cCs3WpGlN41+/iyMPXVA6z2MNXfx6IWNtKLdSK GqsmoZ/bzZTPCJVx+jX7SbKWF+xPICrOcB28mOJ57lamunfm BUqKJo5lbYTFbrZ3FrXGONVIe5XtCewwDYSGaPhEd+fQZbWl ppLKZe0szT1Ej0Geckk4fFV2u5cej7JH7K1CKrzUZGEArSmv awokZiFIfqOqmftpGWdloUJuWi8wzTaGSpfyReZHJcfjdiSe inrRmdVtRMTNV61XpqeVqaFZuoxKic0Aa2n5+RTFq2233xVO SLd8OYlylm4eoqUifeKlcjpRWEXuCoy6ubZ5Vre2/NE3VNM9 l793vVJcuv57zPR+bI15btq0s2+ZiSmL3OyoDaVehiKGkxHs3 zIxm677NuVs9KFs/yThdM0Hk3LCbZ6MECRw89dz3f7+YzyPQ CarFisr+RVp6T/TlPstRNMs8QsXefP1usNEgWXvTt+t7nXb+ KRHUYtmTxMElcuVVN9HRvODaaN0yg7jXeq6ePzRH2peUzV+i sWFqxN5tXzdUyuKqbb3X0rW77dhm3ZNXd1hlWtdubMuNGN29 1/FbfsPN7PwkcdYJU2amzpJ4Qdn7n15OzuSqX4qmkrgUnk78 tPt3NMFzkVaOoq6na3zyf05yoE+2rB7VDsqltImkrkuoIJWr Zgj0KdWj6Gak2zaGLqHomRVN6J0NQXk8lrvbeVjyW46nFBKm aRVJJzbwah5h6Ma/mJKsDW8XK76lczTuvCTNiX5rXjb7Zy5F UezkyTZ43edU8RI/D+rLGalWyl92Zahln9XC/He6TeoLDiv7r /6O/w/rtcL2/KsxAWg+ew4Tnq2NklZVaxER5YETV9p0wVfcX M84gu7OYuqL0rp5HIx1K3djw9hhlYLfcRn6u+tZRVIe6Jyl9 beZtv5hi11OY68rC1UbWrn6RV/fN+q0s+9YqfmW9GKGRbPsp e5ZdoE7/1lfPBWriwqzNC6R9pxflBVhzmAoEVMNEBqkcTEtO I4O2QXtuMDIYUYOOQSeocJjK4VRi0IodsIO5jVNV6c+zxw64 lj1J5eSuPd+JYxCzEKkUL4wrHHBt3FS2B3Vke8T7UmxX3tdO giZzDnZ1v11z8G0tm5vmFuFqGm9X5JanU43kmqnqW508iw2F QpvaqpCqC1OfBDNc/Mns4nq7KLM3qph8p+uHD+qFS73A6sk9 qf/l+z9VcyXSzIPkB+dNt1qDcRtlRaEU6kAdKGNgVrsaXVlf ecUz6Aw6h86hHtSDfoB+gC6gC6gP9aEcyqEBtH6BQUNoBEUF2 h+hH6ExNIYm0AQqoLiU7RSaQu+h99AH6AP0EfoIfYI+QT9BP 0F70F5xe9NlR0nkCeJ3fSbUj41EZ28gewNjbEI3oX1oHzqAD qBb0C3oNnQbugPdge5Cd6F70D3oPnQfegA9gB5CD6FH0CPoE DqEHkOPoSPoCHoCPYGOoXic26fQU+gZ9Ax6Dj2HXkAvoBPoB HoJvYReQa+g19BrXVNF0/4/pcVNadm10uKbUJQW70NRWnwAR WnxLShKi29DUVp8B4rS4rtQlBbfg6K0+D4UpcUPoCgtfghFa fEjKEqLD6EoLX4MRWnxERSlxU+gKC0+hqK0+CkUpcXPoCgtf g5FafELKEqLT6AoLX4JRWnxKyhKi19Dq9LqE9+bxSSae/Tl0 qIbePPaMM/gTaB5zNOX3vTpADgwuAU0PxvpNtA82OkOcMfgLt C8d9A94J7BfeC+wQPggcGXfnTQI6D5sUKHwKHBY+CxwRFwZP AEeGJwDDQ/K+gp8NTgGfDM4Dnw3OBLr8x0ApwYvAReGrwCXh m8Bl4bdIDqDWj6amW9/ffj5xsXv3u3rrZPvl755o/6b8tfdH 7Z+XVntbPe+UPnm85uZ9Q579BO2PlL56+dvy3/ffmfy/9a/n eZ+vlnus8vOo3P8n/+C4n28ek=</latexit>
2-player game 3-player game
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HJB→optimal control
FPK→population distribution
Fig. 12. Mean-field game (MFG) where each device locally plays a 2-
player game with a virtual device, i.e., the entire population whose state
is given by the MF distribution.
if N becomes extremely large, in the aforementioned ex-
ample, it becomes P\A ≈ P\B ≈ P\C ≈ P , since each
action is likely to affect a negligibly small fraction of the
entire population. This implies that each device plays a 2-
player game with a virtual device, i.e., the entire population,
which is called an MFG. The originally coupled N -player
game thereby becomes a number N of individual device’s
2-player games that can be locally solved for a given state
of the entire population, referred to as the MF distribution.
The MF distribution is obtained by solving the Fokker-
Planck-Kolmogorov (FPK) equation of a continuous Markov
process [161]. For the given MF distribution, the optimal
action of each device is then taken by solving the Hamilton-
Jacobi-Bellman (HJB) equation, a continuous version of the
Bellman backward equation in Markov Decision Process
(MDP) [161]. An MFG theoretic communication-efficient
UAV control example will be elaborated in Sec 6.7.
MF Control Framework Applications
• MFG in Wireless Systems With the aforementioned wind
dynamics, the work [165] investigated the UAV mobility
control that avoids inter-UAV collisions while maximizing
their air-to-ground communication performance. With the
wireless channel dynamics, MFG has shown its effective-
ness in transmission power control and resource man-
agement particularly under ultra-dense cellular networks
(UDNs) [166]. Moreover, the spatio-temporal content pop-
ularity dynamics were modeled in [167], and an optimal
file caching strategy was found using MFG.
• MF Control in ML With the feed forward dynamics of
the deep NN training process, the optimal weights are
determined by an HJB that can be solved by the Euler
approximation method [168], to be detailed in Sec. 5.4.2.
Note that all the said examples assume that the initial state
of the population is given by a Gaussian distribution that is
not always realistic. To fill this gap, in the context of large-
scale MARL, the population dynamics of the MFG has been
inferred using an inverse RL method in [169].
5 TECHNICAL ENABLERS
In this section, we propose technical solutions that enable
low-latency decentralized training as well as reliable and
accurate decentralized inference, under communication and
on-device constraints. Their relationships with the theoret-
ical principles presented in Sec. 3 are elaborated upon in
yellow boxes.
5.1 ML Reliability Improvement
Generalization errors can be reduced by designing an NN
training algorithm for finding flat minima in the EL, as
exemplified by Entropy SGD [97]. For multiple different
tasks, one can reduce generalization errors by training NNs
based on task correlations [170], [171]. On another level,
the training process can become robust against malicions
and/or malfunctioning devices by the aid of blockchain
technologies [172], as elaborated next.
1) Entropy SGD The goal of entropy SGD is to obtain a
flat minimum solution [97]. To this end, for a given original
loss function L(w), entropy SGD minimizes its modified
loss function, referred to as local entropy, given as
u(wk, γ) = − log Eg
[
e−(L(wk)+g)
]
, (22)
where g follows a Gaussian distribution with variance γ.
The local entropy loss is designed by Gaussian sampling
from the L(w)’s Gibbs entropy that is proportional to the
number of local maxima within γ in the EL. The local
entropy can be minimized using an MCMC algorithm [173].
Entropy SGD Related Theory
• Serial-to-Parallel Conversion via SGLD It is remarkable
that entropy SGD for a single device is identical to elastic
SGD operated with multiple devices, under an ergodicity
condition ∇2L(w) + 1/γI  0. Edge ML can hence be
analyzed by reusing most of the theoretical principles that
were originally applicable for a single device. The said
conversion is validated by first exploiting the Hope-Cole
transformation [97], [173] that shows the local entropy loss
of entropy SGD is the solution of a viscous Hamilton-
Jacobi partial differential equation (PDE). Solving this PDE
using a homogenization technique [97], [173] yields the
loss dynamics that is identical to the elastic SGD’s loss
dynamics.
• PAC-Bayes Bound for Entropy SGD A recent work
[131] verifies that Entropy SGD works by optimizing the
Bayesian prior, i.e. the distribution of wk + g. This clarifies
the difficulty of deriving the PAC-Bayes bound for Entropy
SGD, as the prior of the original PAC-Bayes framework
is constrained to be chosen independently of the train-
ing data. The work [131] resolves this problem, by first
adding an extra random noise to Entropy SGD’s weight
updates, as done in SGLD [130]. The resulting algorithm
is referred to as Entropy SGLD that is interpreted as a
mechanism achieving -differential privacy. Then, utilizing
the PAC-Bayes with the data-dependent prior satisfying
the -differentially privacy (see Sect. 4.1) yields the PAC-
Bayes bound for Entropy SGD, thereby quantifying its
generalization capability.
2) Task-Aware Training Generalization errors result not
only from unseen dispersed samples (see Sect. 4.1), but
also from distinct tasks of devices. For a given set of tasks,
multi-task learning (MTL) [170], [174] trains an NN so as to
ensure high accuracy for multiple tasks, by inserting a task
correlation regularizer into the original loss function [174].
When the task correlation is unknown, the correlation can
also be trained by alternating (i) optimizing the NN weights
while fixing the correlation matrix and (ii) optimizing the
correlation matrix while fixing the NN weights [170]. On
the other hand, if the tasks are not given a priori, MTL
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is ill-suited because task correlations cannot be specified.
Alternatively, meta learning is still effective in this case,
which aims to train a meta-learner that is capable of quickly
learning various types of tasks [171]. This training objective
can be achieved by randomly sampling the loss function
out of all possible loss functions corresponding to different
known tasks, thereby guaranteeing robustness against un-
seen tasks.
3) Blockchained Training In edge ML, malicious devices
may participate and disrupt the training process. Further-
more, selfish devices may not contribute to the local train-
ing procedures, while only receiving the global training
results computed by the other devices. Keeping a record
of the training process using distributed ledger technology
(DLT) is useful to mitigate these problems. For example,
when exchanging local MSIs, each device cross-validates the
MSIs, and stores the accepted MSIs in its local distributed
ledger. The local distributed ledger is synchronized with the
other devices’ ledgers via DLT such as a blockchain algo-
rithm [172] or a directed acyclic graph (DAG) based Byzan-
tine fault tolerance (BFT) algorithm [175], [176]. Thereby,
only the legitimate local MSIs contribute to the global MSI
calculation, ensuring the reliability of the training process.
5.2 Communication-Aware Latency Reduction
In what follows we introduce and propose MSI exchange
schemes to reduce the communication latency during dis-
tributed training operations. We hereafter focus on the h-d
architectural split where training data samples are gener-
ated by devices, unless otherwise specified.
5.2.1 Periodic Model MSI Exchange
1) Federated Averaging (FAvg) Too frequent MSI ex-
changes in CSGD incur significant communication over-
head. In order to mitigate this, the devices in FAvg exchange
the local MSIs at an interval of τ epochs [28]. Following the
notations defined in Sect. 3.2.2, at the k-th epoch, the i-th
device’s weight w(i)k is described as below:
w
(i)
k+1 =
{
w
(i)
k − ηg¯k if k mod τ = 0,
w
(i)
k − ηg(w(i)k ) otherwise.
(23)
Similar to CSGD, the learning rate η needs to decrease with
k in order to reduce the weight update variance induced by
the randomness of the user-generated training samples.
2) Federated SVRG (FSVRG) Allowing a constant learn-
ing rate can reduce the training latency compared to FAvg
whose learning rate decreases with time. As a variant of
FAvg, FSVRG applies the stochastic variance reduced gradi-
ent (SVRG) [177] that minimizes the weight update variance
by additionally utilizing the difference between the local
and global gradients, allowing a constant learning rate [30].
Besides, similar to ESGD, FSVRG keeps track of the global
MSI, and updates it based on the distributed approximate
Newton (DANE) [178] that also ensures a constant learning
`( )
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Fig. 13. Operational structure of federated learning (FL).
rate. This yields the following local and global weight
update rules:
w
(i)
k+1 =
w
(i)
k − η
(
g¯(wˆk) + g(w
(i)
k )− g(wˆk)
)
if k mod τ=0,
w
(i)
k − ηg(w(i)k ) otherwise,
(24)
where wˆk = wˆk−1 +
M∑
i=1
ni
n
(
w
(i)
k − wˆk−1
)
if k mod τ=0.
g¯(wˆk) = 1/M
∑M
i=1 g(wˆ
(i)
k ). The notation ni is the local
training dataset size, and n is the size of the entire devices’
aggregate dataset, i.e., global dataset. Like FAvg, FSVRG
applies periodic MSI exchanges at an interval of τ , reducing
the communication overhead. Nonetheless, FSVRG requires
extra MSI weight exchanges, in addition to the gradients
of FAvg. Thus, the resulting communication payload size is
doubled from FAvg.
Both FAvg and FSVRG are often referred to as FL that
work under non-IID training datasets in practice [28], [30],
though the accuracy is degraded compared to the best case
performance under IID datasets [179], [180].
3) Co-Distillation (CD) While keeping communication
overhead the same as in FAvg, CD has the potential to obtain
a more accurate model by exploiting extra computation and
memory resources during the training phase [181]. In fact,
all the aforementioned training methods directly apply the
globally averaged MSI to the local MSI update calculation
via an ensembling method. Alternatively, one may focus on
the fact that after downloading the global average weight
MSI evaluated by exchanging local weight MSI, each device
can have two separate NN models: its local model and
the globally averaged model. 1 In the next local weight
update, the device feeds a training data sample to both
models. Then, from the KD point of view, the global model
is interpreted as a teacher whose inference output, i.e.,
knowledge, can be transferred to a student, i.e., the local
model. This is enabled by the following weight update rule:
w
(i)
k+1 =
w
(i)
k − η
(
g(w
(i)
k ) + ψ(F
(i)
k , Fˆ
(i)
k )
)
if k mod τ = 0,
w
(i)
k − ηg(w(i)k ) otherwise.
(25)
1. The original CD in [181] considers that each device has: (1) its
local model and (2) all copies of the other devices’ models, which may
incur huge communication overhead. Instead, we replace (2) with the
globally averaged model, without loss of generality.
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Fig. 14. Operational structure of co-distillation (CD).
The local model’s term F (i)k is a set of normalized log-
its using a modified softmax function with a temper-
ature hyperparameter T , henceforth denoted as a logit
vector. To illustrate, for the `-th label’s logit x` with
L labels, the normalized value equals softmax(x`) =
exp(x`/T )/
∑L
j=1 exp(xj/T ). Adjusting the temperature T
helps the logits to be closely mapped into the per-label
inference probabilities, such that the normalized values
become identical across all labels or the maximum logit for
T →∞ or 0, respectively. Likewise, the global model’s logit
vector is given as Fˆ (i). With these local and global logit
vectors, the distillation regularizer ψ(F (i)k , Fˆ
(i)
k ) is given as
the gradient of their mean squared error [182] or of the
cross entropy [118], [181]. As such, when the local model’s
output F (i)k is close to the global model’s output Fˆ
(i)
k , i.e.
small distillation regularizer, the local weight is determined
mostly by the locally calculated gradient, and otherwise
perturbed in order not to follow the local bias. In CD, thanks
to the periodic communication interval τ , also known as a
checkpoint interval, the communication overhead becomes
as small as FAvg. Its downside is consuming extra memory
and computation resources for separately storing the global
model and performing inference using the global model.
5.2.2 Output MSI Exchange
1) Federated Distillation (FD) Exchanging the model pa-
rameter MSI, i.e., weights and/or gradients, may induce
large communication payload size particularly for a deep
NN, since the number of parameters is proportional to the
model size. To resolve this, we propose FD that exchanges
model output MSI, i.e., normalized logits whose payload
size depends only on the output dimension, i.e., the number
of labels [180]. The weight update rule is then implemented
using KD. The key challenge is that a set of normalized
logits, henceforth denoted as a logit vector, is associated
with its input training data sample. Therefore, to operate
KD between the exchanged global average logit vector and
the local model’s logit, both logit vectors should be evalu-
ated using an identical training data sample. Unfortunately,
synchronous logit vector exchanges as many as the training
dataset size brings about significant memory and communi-
cation costs. Such communication cost may even exceed the
model parameter MSI payload, which is the reason why CD
resorts to parameter MSI exchanges.
    upload 
local avg. logit/label
➁
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teacher’s logit
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Fig. 15. Operational structure of federated distillation (FD).
To rectify this, each device in FD exchanges a set of
mean logits per label, each of which is locally averaged
over epochs until a checkpoint. This local average logit MSI
is associated not with individual data samples but with the
accumulated training dataset, enabling periodic local MSI
exchanges. The exchanged local MSIs are then averaged
across devices, yielding a set of global mean logits per label,
i.e., global average logit MSI. At the next local weight update
phase, each device selects distillation regularizers which are
synchronous with its training data samples. This weight
update rule is represented as follows:
w
(i)
k+1 =
w
(i)
k − η
(
g(w
(i)
k ) + ψ(F¯
(i)
k,`, F˘
(i)
k,`)
)
if k mod τ = 0,
w
(i)
k − ηg(w(i)k ) otherwise,
(26)
where F¯ (i)k,` is the local average logit vector when the training
sample belongs to the `-th ground-truth label. The global
average logit vector equals F˘ (i)k,` =
∑
j 6=i F¯
(j)
k /(M − 1). The
exchanged local average logit MSI is the set of per-label local
average logit vector for all labels, i.e., {F¯ (i)k,`}L`=1, so does the
global average logit MSI {F˘ (i)k,`}L`=1.
The performance of FD can further be improved with a
slight modification. In fact, model output accuracy increases
as training progresses. Thus, it is better to use a local weighted
average logit MSI, where the weight increases with time.
Alternatively, one can implement FD by only exchanging the
most mature knowledge. For instance, consider that devices
share a knowledge test dataset a priori. Just before each
checkpoint, using the test set, each device measures its latest
inference knowledge. Then, FD is enabled by exchanging
local checkpoint logit MSI, a set of local logit vectors obtained
by the test dataset, each of which corresponds to a single
ground-truth label. Exchanging the local MSI.
2) Federated Jacobian Distillation (FJD) Model input-
output Jacobian matching is interpreted as a KD operation
that inserts noise into logits [185]. Since noisy logit ex-
changes improves the KD performance when the noise level
is properly adjusted [163], we expect exchanging Jacobian
matrices to improve FD. With this motivation, the weight
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TABLE 1
Comparison of MSI exchanges in centralized ML and edge ML. Compared to CSGD as a baseline scheme, the advantages of each method
appear blodfaced, whereas the disadvantages are italicized.
Centralized ML Edge ML MARL via Edge ML
CSGD [101]–[104] ESGD [109] FAvg [28] FSVRG [30] CD [181] FD [180] FJD DSGD [105] GADMM [183] FRL [184] FRD
Split m-d m-d h-d h-d h-d h-d h-d d-d d-d d-d d-d
Tx. MSI grad. weight
grad.
(periodic)
grad., weight
(periodic)
weight
local avg.
logit/label
local avg.
Jacob./label
weight
(neighbor)
weight
(neighbor)
grad.
local
Q/state
Rx. MSI
sample,
avg. grad.
sample,
avg. weight
avg. grad.
(periodic)
avg. grad., weight
(periodic)
avg. weight
(periodic)
global avg.
logit/label
global avg.
Jacob./label
weight
(neighbor)
weight
(neighbor)
avg. grad.
(periodic)
global avg.
Q/state
Comp. - - - - inference - Jacob. - optimization - -
Mem. - previous weight - previous weight - logit/label, ↓↓ Jacob./label, ↓ - - - Q/state
update rule of FJD is given as:
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if k mod τ=0,
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k − ηg(w(i)k ) otherwise,
(27)
In the distillation regularizer, G¯(i)k,` is the local average of
the logit vector’s Jacobian when the input sample’s ground-
truth belongs to the `-th label, and G˘(i)k,` is the global av-
erage of local average logit Jacobian vectors for the `-th
label. Following FD, the local and global MSIs are given
as {G¯(i)k,`}L`=1 and {G˘(i)k,`}L`=1, respectively. Compared to FD,
the disadvantage is that FJD requires extra memory and
computation resources for storing and computing the Ja-
cobian matrices. Another burden is that Jacobian matrix
communication leads to the payload size being proportional
to the output dimension multiplied by the input dimension,
which is nonetheless still independent of the model size.
5.2.3 Uplink-Downlink Asymmetric MSI Exchange
Due to the device’s limited transmission power, the uplink
communication is likely to be slower than the downlink
communication speed [124]. To reflect this difference, as
demonstrated in [186], the local MSI to be uploaded from
each device to the helper can be FD that minimizes the
payload size. By contrast, the global MSI to be downloaded
to the devices can be the entire model parameters, as used
in FSVRG, which may lead to the largest payload size that
contains the largest knowledge. Since this global model
parameter MSI is not consistent with the uploaded model
output MSI, one needs to reconstruct a global model from
the model outputs, which can be done via the KD opera-
tions with a test dataset as exemplified in FD. Consuming
the helper’s extra computation resource and time can be
justified so long as the computation cost is cheaper than the
communication cost.
5.2.4 Device-to-Device MSI Exchange
1) Distributed Parallel SGD (DSGD) Exchanging only
with with neighboring devices can reduce the communica-
tion overhead. Namely, with the d-d split, the local MSI of
DSGD is each device’s model weights [105], [187], and its
weight update is represented as:
w
(i)
k+1 = w˜k − ηg(w(i)k ), (28)
where the global MSI w˜k is the average weight among the
communicating devices, i.e., w˜k =
∑M
j=1 ajiw
(j)
k /
∑M
j=1 wji.
A pre-defined mixing matrix determines with whom to
exchange the local MSIs, which has the element wji = 1
if the j-th device communicates with the i-th device, and
otherwise we obtain wji = 0. When the device indices
follow their physical locations, neighboring communication
topology is characterized by a diagonally clustered weight
matrix.
2) Group ADMM (GADMM) Without the aid of any cen-
tral entity, GADMM exchanges model weights with neigh-
boring devices, and achieves fast training convergence with
much less communication rounds [106], [183]. The key idea
is to apply the Alternating Direction Method of Multiplier
(ADMM) algorithm after grouping devices into head and
tail devices, such that each device in the head group Nh is
connected to two neighboring devices in the tail group Nh.
In GADMM, the weights of devices belonging to the same
group are updated in parallel, but the weights of devices
belonging to different groups are updated in an alternating
fashion. When odd and even superscripts denote head and
tail devices respectively, for a loss function `(·), GADMM
updates primal variables (i.e., weights) and dual variables
(λn−1 and λn) as follows.
• Each head device updates its primal variables as:
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k ). (29)
These updates are sent to two tail neighbors.
• Next, each tail device updates its primal variables as:
w
(i∈Nt)
k+1 = argmin
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k (w
(i−1)
k+1 −w(i+1)k+1 ) + λ(i)k (w(i)k −w(i+1)k+1 )
+
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These updates are sent to two head neighbors.
• Finally, every device updates its dual variables as:
λ
(i)
k+1 = λ
(i)
k + ρ(w
(i)
k+1 − w(i+1)k+1 ). (31)
Consequently, each device communicates with only two
neighbors to update its own weights, while only half of
devices broadcast their weights per communication round.
3) Federated Reinforcement Learning (FRL) The mixing
matrix based MSI exchange in DSGD is applicable for the
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MSI exchange in MARL that follows the d-d split. Then, ex-
ploiting FL further improves the communication efficiency,
leading to FRL. To illustrate, consider the policy gradient
method in MARL, where each agent’s policy is trained using
SGD with an NN [188]. Following either FAvg or FSVRG, the
agents identified in a mixing matrix collaboratively train an
ensemble policy by periodically exchanging the NN’s model
parameters. A similar procedure is applicable to deep Q-
learning in MARL, where each agent approximates the Q
values using an NN, as demonstrated in [184].
4) Federated Reinforcement Distillation (FRD) FD is ap-
plicable for the MSI exchange in MARL with the d-d split,
leading to FRD. For Q learning in MARL, the agents identi-
fied in a mixing matrix collectively predict a set of Q values
and their associated states. The MSI exchange and weight
update rule follow FD, by replacing its normalized logits
and labels with the Q values and the states, respectively.
Similarly, a policy-based method in MARL can be improved
in combination with FD. For actor-critic RL, FD is applicable
to either one of the actor (policy) NN or the critic (value)
NN or to both NNs [189]. However, with large input state
and/or output dimensions, these approaches may incur
huge communication and memory costs. To resolve this
issue, states and/or actions can be compressed based on
their correlations. To illustrate its effectiveness, consider
the Atari gaming environment [190] whose output action
dimension is only {up, down, left, right}, whereas the input
state dimension is the entire pixels per frame. Since neigh-
boring pixels are highly correlated, one can reduce the input
dimension by grouping multiple neighboring raw states as
a single proxy state that is mapped into the average action
of the raw states.
All the aforementioned MSI exchange methods are sum-
marized in Table 1. On top of these methods, one can
further enhance communication efficiency, by additionally
quantizing gradients [191], removing insignificant gradi-
ents, i.e., sparsification [192], opportunistic uploading based
on gradient magnitudes [193], and adaptively adjusting the
communication intervals [31], [194]. For more details on
state dimensionality reduction and advanced FL and FD
frameworks in both supervised learning and RL, the readers
are encouraged to check [186], [195], [196].
MSI Exchange Related Theory
• Optimal Regularization via SGLD. Distillation-based MSI
exchange methods rely on inserting a noise proportionally
to the knowledge gap between the teacher and student
NNs. The noise amount is adjustable via the temperature
parameter T when normalizing the teacher’s logit val-
ues, and can further be optimized via SGLD. For a fixed
learning rate η, a recent work [197] shows that the noise
amount maximizing the test accuracy in centralized ML is
characterized by the optimal noise scale g = η(n/B − 1) of
the SGLD’s noise εt (see Sect. 4,1), for n training samples
and batch size B. The definition of g comes from the
autocorrelation of εt, given as E[εt+τεt] = gF (w)δτ , where
F (w) is a matrix describing the covariance of gradients,
and δτ is the Dirac delta function of τ .
• Wasserstein Distillation Loss. Cross entropy is widely
utilized as the distillation regularizer, which is decomposed
into entropy and KL divergence terms. Due to the KL diver-
gence, the distillation regularizer may diverge, particularly
when the teacher and students’ logits are too peaky to
have an overlapping support. A quick fix is to increase the
teacher’s temperature T for smoothing its logits, at the cost
of compromising the accuracy of measuring the knowledge
gap (see. Fig. 11). Instead, Wasserstein distance (see Sect.
4.1) can be a suitable regularizing function for such cases.
5.3 Computation-Aware Latency Reduction
Compressing model parameters during training operations
is effective in the latency reduction, as demonstrated by
high-accuracy low-precision training (HALP) that adjusts
the arithmetic precision based on the training dynam-
ics [198]. Processing the training operations together with
other incumbent applications is another viable solution, in
which their operation scheduling is optimized as done in
MEC [199] and in the context of exploration-exploitation
trade-off [200].
Furthermore, compressing the NN model after complet-
ing the training process reduces the inference latency. Such
compression can be co-designed with hardware and com-
putational characteristics such as the energy consumption,
compression ratio, and the model parameters’ frequency
of use, as studied in energy-based pruning [201], Viterbi-
based compression [202], and Deep compression [113], as
detailed next.
1) Adaptive-Precision Training In mixed-precision train-
ing [114], a low-precision representation consists of
an exponent δ and mantissa b, and the tuple (δ, b)
can express a numerical value within the range
{−δ2b−1, · · · ,−δ, 0, δ, · · · , δ(2b−1 − 1)} by only using (δ +
b + 1) bits, where the last 1-bit is allocated for the sign.
Here, the lower precision (i.e., the more compression), the
higher quantization noise that increases gradient variance
during the training process. To optimize the compression-
distortion trade-off, high-accuracy low-precision training
(HALP) is a viable solution [198]. This firstly utilizes
SVRG [177] for reducing the gradient variance. Besides,
HALP applies a bit-centering technique that dynamically re-
centers and re-scales the low-precision numbers by setting
δ = g(wˆk)/[µ(2
b−1 − 1)] for a µ-strongly convex loss func-
tion where its gradient g(wˆk) is defined in Sect. 5.2.1. This
lowers the quantization noise asymptotically as the training
converges, thereby achieving the accuracy of a full-precision
SVRG. Furthermore, while slightly compromising accuracy,
one can represents the gradients only using their ternary
directions {−1, 0, 1} [203], minimizing the memory usage.
2) Application-Training Co-Processing In edge ML, a de-
vice is likely to perform both the NN training and its end
application processing simultaneously. Let us recall the real-
time AR/VR application example in Sect. 1, where each
headset device predicts the future gaze direction, thereby
pre-rendering future visual frames. In this case, the NN
training and the rendering processes are simultaneously
performed at the device, and the device’s computing energy
allocation needs to be optimized under the widely-known
exploration-exploitation trade-off [200]. Furthermore, with
the helper-device split, a part of the demanding rendering
processes can be offloaded from the device to the helper
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frequency codeword length
2666666664
0
10
110
111
3777777775
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Fig. 16. Illustration of hardware-efficient model compression via energy-
based pruning, quantized weight sharing, and Huffman coding.
that also participates in the NN training process. At the
helper side, its computation energy has to be optimized, as
investigated in the context of multi-use MEC [199].
3) Hardware-Efficient Compression After a training pro-
cess, compressing the model reduces the memory usage.
In this respect, one can prune the model via DropOut
and/or DropConnect based on e.g., Fisher information of
each node [117]. Alternatively, one can optimize the pruning
process based on energy consumption [201], as illustrated
in Fig. 16 In energy-based pruning, it first estimates the
energy consumption per layer, and then prune the weights
within each layer in order of energy.
After these pruning processes, the resulting weight pa-
rameters are expressed as a sparse weight matrix where
there exist only a few non-zero values in a large-sized ma-
trix, which can be compressed using, e.g., the compressed
sparse row (CSR) format. The compression rate depends
on the pruning process, and therefore a compression-rate
optimal pruning is needed. Exploiting the Viterbi algorithm
is useful for this purpose, guaranteeing a constant maxi-
mum compression rate [202]. On the other hand, in Deep
compression [113], the weights after pruning are quantized
and clustered, yielding a set of shared weights as shown
in Fig. 16. Afterwards, the shared weights are further com-
pressed using Huffman coding that allocates more bits, i.e.,
longer codeword length, to the shared weights that appear
more frequently.
5.4 Scalability Enhancement
Modern deep NN architectures often have too large depths
to be stored at mobile devices. This calls for splitting a NN
into segments distributed over multiple devices, as shown
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Fig. 17. Illustration of a distributed GAN with: (a) multiple generators and
(b) multiple discriminators.
in Fig. 9(d). Furthermore, the range of federation in edge ML
is constrained by the battery levels and privacy require-
ments of mobile devices, and the effectiveness of federation
is delimited by its non-IID training dataset. These challenges
and their suitable solutions are described as follows.
1) Stacked Model Split In the model split, the data may
flow back and forth between the split model segments.
The resulting dependency among the segments stored in
multiple devices obstructs the parallelism of local train-
ing. To minimize such dependency, one can start from the
original model comprising multiple stacks of components
that can be easily parallelized. A suitable example can be a
discriminator distributed GAN [204] whose discriminators
can be distributed over multiple devices. In the opposite
way, multiple generators can be distributed over the devices
that share a single discriminator [205]. Both cases are illus-
trated in Fig. 17. Another example is an DBN that comprises
multiple stacked RBMs distributed over several devices.
More general model split based edge ML frameworks are
discussed in [206], [207], in the context of health applications
with private patient data.
2) ODE-based Training Traditional ML cannot dynami-
cally change the model size during the training process, so
is difficult to flexibly adjust the energy consumption. This is
critical for mobile devices whose battery level is limited and
fluctuate over time, which hinders adopting edge ML into
more devices. One promising solution for this bottleneck is
to train an NN by solving an ordinary differential equation
(ODE) [208]. In this framework, adjusting the model size is
recast as changing the number of evaluations that can be
easily feasible in practice. Furthermore, compared to SGD
rooted in convex optimization methods, ODE-based trainin
is able to directly solve a non-convex optimization, avoiding
local minima issues as addressed in Sect. 3.1.2. To this end,
one can utilize an algorithmic approach by exploiting the
feed forward dynamics from the l-th layer to the next layer
with a generic loss function L.
xl+1 = xl + L(xl, wl), l ∈ {0, · · · , L− 1} (32)
If the number L of layers is sufficiently large, (32) is approx-
imated as the following ODE
dx(l)/dl = L(x(l), w(l)), l ∈ [0, L]. (33)
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This ODE can be numerically solved via the Euler’s approx-
imation method with the approximation accuracy propor-
tional to the number of evaluations [168].
ODE-based Training Related Theory
• MF Controlled Training. One can analytically solve (33)
with the empirical loss function with a regularizer R.
L(w) = 1
n
n∑
i=1
[
Φ(xiL, y
i
o) +
∫ L
0
R(xil, wl)dt
]
(34)
Here, the weight parameters wl is shared by a number n of
the training data samples. So long as n is sufficiently large,
according to mean-field control theory, the minimized loss,
i.e., value function, satisfies Pontryagin’s maximum principle
(PMP). The optimal solution thereby guarantees a neces-
sary condition that is recast as maximizing the Hamilto-
nian:
H(xo, w) = −∇H(xo, w)L(x,w)−R(x,w). (35)
Particularly when H(xo, w) is strongly concave, by setting
T → 0, this solution guarantees the global optimum.
3) Private Data Augmentation Due to the user-generated
data samples, training dataset across devices can be non-
IID in edge ML, which severely degrades the benefit of
distributed training. A simple example is the situation when
all devices have identical data samples, i.e., fully correlated.
In this case, the global and local MSI become identical,
negating the diversity gain from distributed training. At
the opposite extreme, if all the datasets are entirely not
correlated, then reflecting the global MSI in the local weight
update is no more than inserting a randomly noisy regular-
izer. Data augmentation can render such a non-IID dataset
amenable to distributed learning. One possible implementa-
tion is partially exchanging the other devices’ data samples. In
fact, an experimental study [179] has shown that FL under
a non-IID dataset achieves only 50% inference accuracy
compared to the case under an IID dataset, which can be
restored by up to 20% via randomly exchanging only 5%
of the devices’ local training data samples. Another way is
locally augmenting data samples. This is viable, for instance,
by a generative model that is capable of generating all
samples, which can rectify the Non-IID dataset towards
achieving an IID dataset across devices.
Both approaches require access to data samples owned
by other devices, thus necessitating privacy guarantee. Data
samples can be exchanged while preserving privacy via DP
by partially inserting noise and/or redundant data sam-
ples. Local data oversampling needs to exchange the local
data sample distribution to collectively construct the entire
dataset distribution that is to be compared with the local
data sample distributions. Such distribution information
including any excess or shortage of data samples per label,
e.g., per medical checkup item, may easily reveal private
sensitive information, e.g, diagnosis result. A GAN-based
solution [180] for this case is elaborated in Sect. 6.4.
6 CASE STUDIES
From the standpoint of CML, this section aims at demon-
strating the effectiveness of the proposed theoretical and
+
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Fig. 18. Operational structure of EVT parametric FL (ExtFL).
technical solutions in edge ML. Several use cases that follow
MLC are also introduced at the end, while addressing their
connections to MLC.
6.1 Federated Learning with EVT for Vehicular URLLC
EVT-based FL enables URLLC in vehicular communication
networks as discussed in our preliminary study [209]. EVT
provides an analytical parametric model to study the tail
distribution of queue lengths at vehicular transmitters over
the whole network. By combining the parametric model
from EVT with FL, referred to as ExtFL, the individual
vehicles learn the tail distribution of queue lengths over
the network without a need of exchanging the local queue
length samples. Therein, the key advantage of FL is the
reduction of communication payload during the model
training compared to a centralized training model relying on
exchanging the training samples. In this regard, the impact
of communication latency for training on the vehicular-to-
vehicular (V2V) communication is reduced.
The objective is to minimize the network-wide power
consumption of a set U of vehicular users (VUEs) while
ensuring low queuing latencies with high reliability. Yet
there exists worst-case VUEs who are experiencing high
latencies with a low probability. In this regard, extreme
events pertaining to vehicles queue lengths exceeding a
predefined threshold with non-negligible probability is con-
sidered to capture the performance losses of worst-case
VUEs. Using the principles of EVT, the tail distribution
of the queue lengths exceeding a predefined threshold are
characterized by a generalized Pareto distribution Gd(·)
with two parameters d = [σ, ξ] scale and shape, respectively.
The knowledge of the tail distribution over the network
is utilized to optimize the transmit power of each VUE to
reduce the worst-case queuing delays.
To estimate the queue tail distribution using the queue
length samples {Qu}u∈U observed at each VUE u, using the
concepts in maximum likelihood estimation (MLE), a cost
function is defined as follows:
fd(Q) = 1∑
u |Qu|
∑
u∈U
∑
Q∈Qu
logGd(Q) =
∑
u∈U
κuf
d(Qu),
(36)
where κu =
|Qu|∑
u |Qu| . The operation of ExtFL is visualized in
Fig. 18, and summarized as below.
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Fig. 19. Comparison between CEN and ExtFL.
1) VUE u uses fdu = f
d(Qu) to evaluate du and ∇dfduu
locally, where du is the local estimate of d at VUE
u. Then, the local learning model (∇dfduu ,du, |Qu|) is
uploaded to the road-side unit (RSU).
2) RSU does the model averaging and shares the global
model (∇dfd,d,
∑
u |Qu|) with the VUEs.
3) VUEs use the global parameters to model the tail dis-
tribution of queue lengths and utilize it to control their
transmit powers.
Fig. 19(a) compares the amount of data exchanged and
the achieved V2V communication reliability of ExtFL with
a centralized tail distribution estimation model, denoted
as CEN. Fig. 19(a) illustrates that VUEs in ExtFL achieve
slightly lower reliability compared to the ones in CEN
approach for U < 72, while outperforming CEN when
U > 72. Note that the CEN method requires all VUEs
to upload all their queue length samples to the RSU and
to receive the estimated GPD parameters. In contrast, in
ExtFL, VUEs upload their locally estimated learning models
(∇dfduu ,du, |Qu|) and receive the global estimation of the
model. As a result, ExtFL yields equivalent or better end
user reliability compared to CEN for denser networks while
reducing the amount of data exchange among VUEs and
RSU by 79% when U = 100.
The worst-case VUE queue lengths, i.e., queue lengths
exceeding q0, are compared in Fig. 19(b). Here, the mean
and variance of the tail distribution for CEN and ExtFL are
plotted for different numbers of VUEs. The mean indicates
the average queuing latency of the worst-case VUEs while
the variance highlights the uncertainty of the latency. As
the number of VUEs increases, it can be noted that both the
mean and variance in ExtFL are lower than the ones in CEN.
The reason for above improvement is the reduced training
latency in ExtFL over CEN.
6.2 Federated Learning with Wasserstein Distances
The Wasserstein distance can precisely measure the similar-
ity between two distributions, even when they have non-
overlapping support. To show its effectiveness, consider the
same application in Sect. 6.1 while replacing its MLE based
tail distribution estimation with the Wasserstein distance
based estimation, i.e., Wasserstein-based FL.
Accordingly, we redefine the cost function fd(Q) in
(36) with the Wasserstein distance given in (16). In this
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Fig. 20. Comparison of GPD parameter estimation and tail distribution
estimation between MLE and Wasserstein distance.
regard, the local and global models defined for FL require
to compute the gradient as follows [210]:
∇dfduu (Q) = − 1κuα?(Q)∇dFduu (Q), (37)
where α?(Q) is the dual function of the corresponding
primal problem defined in (16). Here, the function Fduu
satisfies Gd(x′) = e−F
du
u (x
′)/Z with the partition sum
Z =
∑
x′ e
−Fduu (x′). By utilizing the knowledge of the
parametric representation of Gd(x′), the function Fduu can
be derived while α?(Q) is calculated using the Sinkhorn
algorithm [154].
Fig. 20 corroborates the advantage of Wasserstein-based
FL, compared to MLE-based FL in Sect. 6.1. Compared to
MLE-based FL, Fig. 20(a) shows that Wasserstein-based FL
converges as fast as MLE-based FL, but with a different
converging point compared to MLE-based FL’s. Fig. 20(b)
validates that the converging point of Wasserstein-based FL
is closer to the optimum, thereby more accurately estimating
the tail distribution of the queue lengths exceeding a target
threshold. The higher accuracy of Wasserstein-based FL
results from the fact that the Wasserstein distance counts the
differences between empirical and parametric distributions
over the entire supports, whereas the KL divergence in MLE
ignores the differences over only the points at which the
parametric distributional values are sufficiently large [78].
Finally, Fig. 21 illustrates the impact of local computing
iterations on the training convergence. In both Figs. 21(a)
and 21(b), reducing local SVRGD iterations yields faster
training convergence, thanks to exchanging the model pa-
rameters more frequently. However, as it exchanges the
parameters of less trained models, the converging points
fall farther away, lowering the tail distribution estimation
accuracy. This relationship highlights the importance of
optimizing local computing and global communication it-
erations.
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Fig. 21. Convergence speed for different local SVRGD iterations.
6.3 Federated Learning with Blockchain
The reliability and scalability of FL can further be improved
by adopting blockchain [211], [212], as exemplified by block-
chained FL (BlockFL) in our preliminary study [172]. BlockFL
provides incentives to devices who own a larger number of
local training samples and consume more computing power,
which promotes federation with more devices. In addition,
local training results in BlockFL are mutually validated,
thereby extending the range of federation to untrustworthy
devices in a public network. All these operations as well as
local MSI exchanges are fully decentralized, which is more
robust against malfunctions and attacks compared to the
original FL [28], [30] that relies on a single helper entity.
As shown in Fig. 22, the logical structure of BlockFL
consists of devices and miners. Miners can physically be
either randomly selected devices or separate nodes like a
conventional blockchain network [211]. The operation of
BlockFL is summarized as follows.
1) Each device computes and uploads the local MSI to
its associated miner in the blockchain network, while
in return receiving the data reward proportional to the
number of its data samples from the miner.
2) Miners exchange and verify all the MSIs, and then run
the Proof-of-Work (PoW) [211].
3) Once a miner completes the PoW, it generates a block
where the verified local MSIs are recorded, and receives
the mining reward from the blockchain network. The
generated block is propagated and added to every
miner’s ledger.
4) Finally, the ledgers are downloaded to the miners’
associated devices. Each device locally computes the
global MSI from the freshest block, which becomes an
input of the next local model update.
At step 3), every miner is enforced to stop its PoW
process once it receives a propagated block that should
be the earliest generated block, thereby synchronizing the
distributed ledgers. However, if a miner generates a block
during the earliest generated block’s propagation delay,
this miner unknowingly adds its own generated block to
the ledger that becomes different from the other legitimate
ledgers. This forking event incurs extra delays for rolling
the unsynchronized ledger back. When the block generation
rate λ of each miner is centrally controlled by adjusting
the PoW difficulty, the optimal block generation rate λ∗
is thus obtained by balancing between forking occurrences
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Fig. 22. Operational structure of of block-chained FL (BlockFL).
10 dB 9dB 8 dB
500
600
700
800
900
G
lo
ba
l c
om
pl
et
io
n 
tim
e
simulation
analysis (Proposition 1)
10 dB 9 dB 8 dB
 15
Le
ar
nin
g 
co
m
ple
tio
n 
lat
en
cy
 (s
ec
)
SNR
(a) For different SNRs.
10 20 30 40 50
Number of devices
0
200
400
600
800
1000
1200
1400
G
lo
ba
l c
om
pl
et
io
n 
tim
e
 16
w. malfunction
umber of devices
Le
a
rn
in
g 
co
m
pl
e
tio
n
 
la
te
n
cy
 (s
ec
)
NM = 1
<latexit sha1_base64="G0h8TixtCtDZzfucwc//tZxqn+c=">AAAXOXicndjbbuPGGQdw5dA2dU+bBvBNgECIdwFv4RpS1rtpFggQW/LZlm3ZsnygLZDDocQ1h+SSQx92wL5Cb9tn6ZP0sndFb/sCHZLD+ZO0k4sI2BXn930znCE/HmQr9NyYdzr/+ujjTz79xS9/9dmv537z29/9/g/PPv/jaRwkEaEjEnhBdGaZMfV cn464yz16FkbUZJZHx9ZNL4uPb2kUu4F/wh9CesXMqe86LjG5pNFgsv99d/JsobP8XefNyso37c7ym1crb16/lhvdzsqr775td5c7+WehpT6Hk8/nvzLsgCSM+px4ZhxfdjshvxJmxF3i0XRubs5IYhqa5MacUuGYPnmY2dFSm4ax406L76W2yWI+Y/k3M/ks34gfmJVvOIHP46V2nFiyRxLRpXa+2LQ2Mp9FVDYizk0r228ldukHpv0uieW0iMvrMWHnw9eN+nI9kdlMJQHLlinR9YmX2FTMqGnTxkRY4nE3Cu7qarnTmEeJ7Dxn+PSOz2gQUSbUdypO1EYtKvv6wZ1H7SnNd3ypAlditRGZe1Hr502DyJUHtNpDW30X925QS8vbtRQia6qS0cua9QTPdKtj9PJ2PSXIjlhWetU8YDPZdvmjXGXN1HeUcFkU9dwS68ly/TRqjKutlmpTx/Wbc+gDa8n 03mShV53BupJGGo2IG9fzFNUSPcqYmYq9/Kux3CjwPDN6SOUiy81ahh9wszHtQUm1xDAK5HVSPW2HSpppYRAXi84ydKOWJf+Z0U0qhsV3LRYHXtKY0XFJ9cRErleup5KnpF6xsUwMiwmtYvvxGUmFYTntJ09FtngniFiRohcuryJ54o1iNUIYfuD6try82llWsba3xiyW1zQVneXXskuaXc9Zn/fUFs8Ny5OXbPw+MSP6PC0CcleBg6GEQVk4y45k4LxN22k1K755lHd8QzmZtYN8krUe1LfV0DPH9bx2NoNULaASyyf7J2FkOelfsyRD3iSzDB65t9lTxUj8+MYNf17f26zrq5CXh2FdGNn9O3bEejnR4+3BUGvW0IGqV3i7mj7UR9gThkcdrrIiYUTudFY2F4vgomq+VNGXqu1ZRdwQZXdLZRjlbi+LjEvVvFLxK3XDzu79pm/LEyTLTp4l+YSwsju/ mpzFZLnkTyV5Ldip+HP+aa8FwU1WNZLaisr9zbI5zUx5oj35iLbNdGLpSNKIJCpCTLlsTu+5PDS91Cw39aELiXwmhRNyLQJQVk8FLnZeljwUw4lBuVk286SC6nkVDjD1fF71SZYHtowV3xOxmHVe4nrEXnFyienJJZR72RdyL/u6ybImK5t76LFXXdZQrkp00mtdLcO0Gu41wz2zmmDTvH/3R/rbtNcMV/vLwvSFcefalLuePEZGUal5jBcHhpdtzw4SeX/R4/TTa4PKK0rt6nE0VKHEiTRvDFEGVsMt5Geqbh15dch7ktTnet7WkylWNYU6jshdbqTN6udZdV92r0TRt1LxC918hFqy5SX0UXaOKv1nXz2nqIlTvTbXF9a1WpTrY81BwhGQDR3pJ6I/KTgJNVoarZnGUGNINNoabb/EQSIGE4FBS7bBNuY2TGSlP84e2uBK9jgR4+vmfMe2RsyCJ4I/ MS63wZVxE9Ec1BbNEW8LsRxxWzkJivQ52FL9tvTBt5SsrelbhKNouFGSU5xOOZKjp6pudeIk0hRwZXKrRCIvTHUS9HDRB72Li428zF7IYvLsthfcyRcu+QKrJvcg/xdvvy/nago9DzM7OC/a5Rq0WygrAiVQG2pDKQXTytXoiOrKS55Cp9AZdAZ1oS70HfQd9AZ6A/WgHpRBGdSHVi8waAANoahA6z30PTSCRtAYGkM5FJeylUAT6C30FnoHvYPeQ++hD9AH6AfoB2gH2slvb6rsiBm63PTaHuXyx0assleRvYox1qBr0B60B+1D+9B16Dp0A7oB3YRuQregW9Bt6DZ0B7oD3YXuQvege9B96D50AB1AD6AH0EPoIfQIegQdQvE4t46hx9AT6Al0BB1BT6Gn0DF0DD2DnkHPoefQC+iFqqm8af1EaTFdWlaltNgaFKXFelCUFutDUVpsHYrSYhtQlBbbh KK02BYUpcW2oSgttgNFabFdKEqL7UFRWmwfitJiAyhKix1AUVrsEIrSYkdQlBYbQlFa7BiK0mInUJQWG0FRWuwUitJiYyhKi51BUVrsHIrSYhfQsrR6pudOIzOcueTp0iKrePNa1c/gNaB+zJOn3vRJH9jXuA7UPxvJBlA/2MkmcFPjFlC/d5Bt4LbGHeCOxl3grsanfnSQfaD+sUIGwIHGA+CBxkPgocYj4JHGIVD/rCDHwGONJ8ATjSPgSONTr8xkDBxrPAOeaTwHnmu8AF5otIHyDWjybKH8s3H7xzdOv1nudpa7RysLP/xF/W35s9aXra9bi61u69vWD62t1mFr1CItt/W31t9b/5j/5/y/5/8z/98i9eOPVJ8vWrXP/P/+D5sq7uU=</latexit><latexit sha1_base64="G0h8TixtCtDZzfucwc//tZxqn+c=">AAAXOXicndjbbuPGGQdw5dA2dU+bBvBNgECIdwFv4RpS1rtpFggQW/LZlm3ZsnygLZDDocQ1h+SSQx92wL5Cb9tn6ZP0sndFb/sCHZLD+ZO0k4sI2BXn930znCE/HmQr9NyYdzr/+ujjTz79xS9/9dmv537z29/9/g/PPv/jaRwkEaEjEnhBdGaZMfV cn464yz16FkbUZJZHx9ZNL4uPb2kUu4F/wh9CesXMqe86LjG5pNFgsv99d/JsobP8XefNyso37c7ym1crb16/lhvdzsqr775td5c7+WehpT6Hk8/nvzLsgCSM+px4ZhxfdjshvxJmxF3i0XRubs5IYhqa5MacUuGYPnmY2dFSm4ax406L76W2yWI+Y/k3M/ks34gfmJVvOIHP46V2nFiyRxLRpXa+2LQ2Mp9FVDYizk0r228ldukHpv0uieW0iMvrMWHnw9eN+nI9kdlMJQHLlinR9YmX2FTMqGnTxkRY4nE3Cu7qarnTmEeJ7Dxn+PSOz2gQUSbUdypO1EYtKvv6wZ1H7SnNd3ypAlditRGZe1Hr502DyJUHtNpDW30X925QS8vbtRQia6qS0cua9QTPdKtj9PJ2PSXIjlhWetU8YDPZdvmjXGXN1HeUcFkU9dwS68ly/TRqjKutlmpTx/Wbc+gDa8n 03mShV53BupJGGo2IG9fzFNUSPcqYmYq9/Kux3CjwPDN6SOUiy81ahh9wszHtQUm1xDAK5HVSPW2HSpppYRAXi84ydKOWJf+Z0U0qhsV3LRYHXtKY0XFJ9cRErleup5KnpF6xsUwMiwmtYvvxGUmFYTntJ09FtngniFiRohcuryJ54o1iNUIYfuD6try82llWsba3xiyW1zQVneXXskuaXc9Zn/fUFs8Ny5OXbPw+MSP6PC0CcleBg6GEQVk4y45k4LxN22k1K755lHd8QzmZtYN8krUe1LfV0DPH9bx2NoNULaASyyf7J2FkOelfsyRD3iSzDB65t9lTxUj8+MYNf17f26zrq5CXh2FdGNn9O3bEejnR4+3BUGvW0IGqV3i7mj7UR9gThkcdrrIiYUTudFY2F4vgomq+VNGXqu1ZRdwQZXdLZRjlbi+LjEvVvFLxK3XDzu79pm/LEyTLTp4l+YSwsju/ mpzFZLnkTyV5Ldip+HP+aa8FwU1WNZLaisr9zbI5zUx5oj35iLbNdGLpSNKIJCpCTLlsTu+5PDS91Cw39aELiXwmhRNyLQJQVk8FLnZeljwUw4lBuVk286SC6nkVDjD1fF71SZYHtowV3xOxmHVe4nrEXnFyienJJZR72RdyL/u6ybImK5t76LFXXdZQrkp00mtdLcO0Gu41wz2zmmDTvH/3R/rbtNcMV/vLwvSFcefalLuePEZGUal5jBcHhpdtzw4SeX/R4/TTa4PKK0rt6nE0VKHEiTRvDFEGVsMt5Geqbh15dch7ktTnet7WkylWNYU6jshdbqTN6udZdV92r0TRt1LxC918hFqy5SX0UXaOKv1nXz2nqIlTvTbXF9a1WpTrY81BwhGQDR3pJ6I/KTgJNVoarZnGUGNINNoabb/EQSIGE4FBS7bBNuY2TGSlP84e2uBK9jgR4+vmfMe2RsyCJ4I/ MS63wZVxE9Ec1BbNEW8LsRxxWzkJivQ52FL9tvTBt5SsrelbhKNouFGSU5xOOZKjp6pudeIk0hRwZXKrRCIvTHUS9HDRB72Li428zF7IYvLsthfcyRcu+QKrJvcg/xdvvy/nago9DzM7OC/a5Rq0WygrAiVQG2pDKQXTytXoiOrKS55Cp9AZdAZ1oS70HfQd9AZ6A/WgHpRBGdSHVi8waAANoahA6z30PTSCRtAYGkM5FJeylUAT6C30FnoHvYPeQ++hD9AH6AfoB2gH2slvb6rsiBm63PTaHuXyx0assleRvYox1qBr0B60B+1D+9B16Dp0A7oB3YRuQregW9Bt6DZ0B7oD3YXuQvege9B96D50AB1AD6AH0EPoIfQIegQdQvE4t46hx9AT6Al0BB1BT6Gn0DF0DD2DnkHPoefQC+iFqqm8af1EaTFdWlaltNgaFKXFelCUFutDUVpsHYrSYhtQlBbbh KK02BYUpcW2oSgttgNFabFdKEqL7UFRWmwfitJiAyhKix1AUVrsEIrSYkdQlBYbQlFa7BiK0mInUJQWG0FRWuwUitJiYyhKi51BUVrsHIrSYhfQsrR6pudOIzOcueTp0iKrePNa1c/gNaB+zJOn3vRJH9jXuA7UPxvJBlA/2MkmcFPjFlC/d5Bt4LbGHeCOxl3grsanfnSQfaD+sUIGwIHGA+CBxkPgocYj4JHGIVD/rCDHwGONJ8ATjSPgSONTr8xkDBxrPAOeaTwHnmu8AF5otIHyDWjybKH8s3H7xzdOv1nudpa7RysLP/xF/W35s9aXra9bi61u69vWD62t1mFr1CItt/W31t9b/5j/5/y/5/8z/98i9eOPVJ8vWrXP/P/+D5sq7uU=</latexit><latexit sha1_base64="G0h8TixtCtDZzfucwc//tZxqn+c=">AAAXOXicndjbbuPGGQdw5dA2dU+bBvBNgECIdwFv4RpS1rtpFggQW/LZlm3ZsnygLZDDocQ1h+SSQx92wL5Cb9tn6ZP0sndFb/sCHZLD+ZO0k4sI2BXn930znCE/HmQr9NyYdzr/+ujjTz79xS9/9dmv537z29/9/g/PPv/jaRwkEaEjEnhBdGaZMfV cn464yz16FkbUZJZHx9ZNL4uPb2kUu4F/wh9CesXMqe86LjG5pNFgsv99d/JsobP8XefNyso37c7ym1crb16/lhvdzsqr775td5c7+WehpT6Hk8/nvzLsgCSM+px4ZhxfdjshvxJmxF3i0XRubs5IYhqa5MacUuGYPnmY2dFSm4ax406L76W2yWI+Y/k3M/ks34gfmJVvOIHP46V2nFiyRxLRpXa+2LQ2Mp9FVDYizk0r228ldukHpv0uieW0iMvrMWHnw9eN+nI9kdlMJQHLlinR9YmX2FTMqGnTxkRY4nE3Cu7qarnTmEeJ7Dxn+PSOz2gQUSbUdypO1EYtKvv6wZ1H7SnNd3ypAlditRGZe1Hr502DyJUHtNpDW30X925QS8vbtRQia6qS0cua9QTPdKtj9PJ2PSXIjlhWetU8YDPZdvmjXGXN1HeUcFkU9dwS68ly/TRqjKutlmpTx/Wbc+gDa8n 03mShV53BupJGGo2IG9fzFNUSPcqYmYq9/Kux3CjwPDN6SOUiy81ahh9wszHtQUm1xDAK5HVSPW2HSpppYRAXi84ydKOWJf+Z0U0qhsV3LRYHXtKY0XFJ9cRErleup5KnpF6xsUwMiwmtYvvxGUmFYTntJ09FtngniFiRohcuryJ54o1iNUIYfuD6try82llWsba3xiyW1zQVneXXskuaXc9Zn/fUFs8Ny5OXbPw+MSP6PC0CcleBg6GEQVk4y45k4LxN22k1K755lHd8QzmZtYN8krUe1LfV0DPH9bx2NoNULaASyyf7J2FkOelfsyRD3iSzDB65t9lTxUj8+MYNf17f26zrq5CXh2FdGNn9O3bEejnR4+3BUGvW0IGqV3i7mj7UR9gThkcdrrIiYUTudFY2F4vgomq+VNGXqu1ZRdwQZXdLZRjlbi+LjEvVvFLxK3XDzu79pm/LEyTLTp4l+YSwsju/ mpzFZLnkTyV5Ldip+HP+aa8FwU1WNZLaisr9zbI5zUx5oj35iLbNdGLpSNKIJCpCTLlsTu+5PDS91Cw39aELiXwmhRNyLQJQVk8FLnZeljwUw4lBuVk286SC6nkVDjD1fF71SZYHtowV3xOxmHVe4nrEXnFyienJJZR72RdyL/u6ybImK5t76LFXXdZQrkp00mtdLcO0Gu41wz2zmmDTvH/3R/rbtNcMV/vLwvSFcefalLuePEZGUal5jBcHhpdtzw4SeX/R4/TTa4PKK0rt6nE0VKHEiTRvDFEGVsMt5Geqbh15dch7ktTnet7WkylWNYU6jshdbqTN6udZdV92r0TRt1LxC918hFqy5SX0UXaOKv1nXz2nqIlTvTbXF9a1WpTrY81BwhGQDR3pJ6I/KTgJNVoarZnGUGNINNoabb/EQSIGE4FBS7bBNuY2TGSlP84e2uBK9jgR4+vmfMe2RsyCJ4I/ MS63wZVxE9Ec1BbNEW8LsRxxWzkJivQ52FL9tvTBt5SsrelbhKNouFGSU5xOOZKjp6pudeIk0hRwZXKrRCIvTHUS9HDRB72Li428zF7IYvLsthfcyRcu+QKrJvcg/xdvvy/nago9DzM7OC/a5Rq0WygrAiVQG2pDKQXTytXoiOrKS55Cp9AZdAZ1oS70HfQd9AZ6A/WgHpRBGdSHVi8waAANoahA6z30PTSCRtAYGkM5FJeylUAT6C30FnoHvYPeQ++hD9AH6AfoB2gH2slvb6rsiBm63PTaHuXyx0assleRvYox1qBr0B60B+1D+9B16Dp0A7oB3YRuQregW9Bt6DZ0B7oD3YXuQvege9B96D50AB1AD6AH0EPoIfQIegQdQvE4t46hx9AT6Al0BB1BT6Gn0DF0DD2DnkHPoefQC+iFqqm8af1EaTFdWlaltNgaFKXFelCUFutDUVpsHYrSYhtQlBbbh KK02BYUpcW2oSgttgNFabFdKEqL7UFRWmwfitJiAyhKix1AUVrsEIrSYkdQlBYbQlFa7BiK0mInUJQWG0FRWuwUitJiYyhKi51BUVrsHIrSYhfQsrR6pudOIzOcueTp0iKrePNa1c/gNaB+zJOn3vRJH9jXuA7UPxvJBlA/2MkmcFPjFlC/d5Bt4LbGHeCOxl3grsanfnSQfaD+sUIGwIHGA+CBxkPgocYj4JHGIVD/rCDHwGONJ8ATjSPgSONTr8xkDBxrPAOeaTwHnmu8AF5otIHyDWjybKH8s3H7xzdOv1nudpa7RysLP/xF/W35s9aXra9bi61u69vWD62t1mFr1CItt/W31t9b/5j/5/y/5/8z/98i9eOPVJ8vWrXP/P/+D5sq7uU=</latexit><latexit sha1_base64="G0h8TixtCtDZzfucwc//tZxqn+c=">AAAXOXicndjbbuPGGQdw5dA2dU+bBvBNgECIdwFv4RpS1rtpFggQW/LZlm3ZsnygLZDDocQ1h+SSQx92wL5Cb9tn6ZP0sndFb/sCHZLD+ZO0k4sI2BXn930znCE/HmQr9NyYdzr/+ujjTz79xS9/9dmv537z29/9/g/PPv/jaRwkEaEjEnhBdGaZMfV cn464yz16FkbUZJZHx9ZNL4uPb2kUu4F/wh9CesXMqe86LjG5pNFgsv99d/JsobP8XefNyso37c7ym1crb16/lhvdzsqr775td5c7+WehpT6Hk8/nvzLsgCSM+px4ZhxfdjshvxJmxF3i0XRubs5IYhqa5MacUuGYPnmY2dFSm4ax406L76W2yWI+Y/k3M/ks34gfmJVvOIHP46V2nFiyRxLRpXa+2LQ2Mp9FVDYizk0r228ldukHpv0uieW0iMvrMWHnw9eN+nI9kdlMJQHLlinR9YmX2FTMqGnTxkRY4nE3Cu7qarnTmEeJ7Dxn+PSOz2gQUSbUdypO1EYtKvv6wZ1H7SnNd3ypAlditRGZe1Hr502DyJUHtNpDW30X925QS8vbtRQia6qS0cua9QTPdKtj9PJ2PSXIjlhWetU8YDPZdvmjXGXN1HeUcFkU9dwS68ly/TRqjKutlmpTx/Wbc+gDa8n 03mShV53BupJGGo2IG9fzFNUSPcqYmYq9/Kux3CjwPDN6SOUiy81ahh9wszHtQUm1xDAK5HVSPW2HSpppYRAXi84ydKOWJf+Z0U0qhsV3LRYHXtKY0XFJ9cRErleup5KnpF6xsUwMiwmtYvvxGUmFYTntJ09FtngniFiRohcuryJ54o1iNUIYfuD6try82llWsba3xiyW1zQVneXXskuaXc9Zn/fUFs8Ny5OXbPw+MSP6PC0CcleBg6GEQVk4y45k4LxN22k1K755lHd8QzmZtYN8krUe1LfV0DPH9bx2NoNULaASyyf7J2FkOelfsyRD3iSzDB65t9lTxUj8+MYNf17f26zrq5CXh2FdGNn9O3bEejnR4+3BUGvW0IGqV3i7mj7UR9gThkcdrrIiYUTudFY2F4vgomq+VNGXqu1ZRdwQZXdLZRjlbi+LjEvVvFLxK3XDzu79pm/LEyTLTp4l+YSwsju/ mpzFZLnkTyV5Ldip+HP+aa8FwU1WNZLaisr9zbI5zUx5oj35iLbNdGLpSNKIJCpCTLlsTu+5PDS91Cw39aELiXwmhRNyLQJQVk8FLnZeljwUw4lBuVk286SC6nkVDjD1fF71SZYHtowV3xOxmHVe4nrEXnFyienJJZR72RdyL/u6ybImK5t76LFXXdZQrkp00mtdLcO0Gu41wz2zmmDTvH/3R/rbtNcMV/vLwvSFcefalLuePEZGUal5jBcHhpdtzw4SeX/R4/TTa4PKK0rt6nE0VKHEiTRvDFEGVsMt5Geqbh15dch7ktTnet7WkylWNYU6jshdbqTN6udZdV92r0TRt1LxC918hFqy5SX0UXaOKv1nXz2nqIlTvTbXF9a1WpTrY81BwhGQDR3pJ6I/KTgJNVoarZnGUGNINNoabb/EQSIGE4FBS7bBNuY2TGSlP84e2uBK9jgR4+vmfMe2RsyCJ4I/ MS63wZVxE9Ec1BbNEW8LsRxxWzkJivQ52FL9tvTBt5SsrelbhKNouFGSU5xOOZKjp6pudeIk0hRwZXKrRCIvTHUS9HDRB72Li428zF7IYvLsthfcyRcu+QKrJvcg/xdvvy/nago9DzM7OC/a5Rq0WygrAiVQG2pDKQXTytXoiOrKS55Cp9AZdAZ1oS70HfQd9AZ6A/WgHpRBGdSHVi8waAANoahA6z30PTSCRtAYGkM5FJeylUAT6C30FnoHvYPeQ++hD9AH6AfoB2gH2slvb6rsiBm63PTaHuXyx0assleRvYox1qBr0B60B+1D+9B16Dp0A7oB3YRuQregW9Bt6DZ0B7oD3YXuQvege9B96D50AB1AD6AH0EPoIfQIegQdQvE4t46hx9AT6Al0BB1BT6Gn0DF0DD2DnkHPoefQC+iFqqm8af1EaTFdWlaltNgaFKXFelCUFutDUVpsHYrSYhtQlBbbh KK02BYUpcW2oSgttgNFabFdKEqL7UFRWmwfitJiAyhKix1AUVrsEIrSYkdQlBYbQlFa7BiK0mInUJQWG0FRWuwUitJiYyhKi51BUVrsHIrSYhfQsrR6pudOIzOcueTp0iKrePNa1c/gNaB+zJOn3vRJH9jXuA7UPxvJBlA/2MkmcFPjFlC/d5Bt4LbGHeCOxl3grsanfnSQfaD+sUIGwIHGA+CBxkPgocYj4JHGIVD/rCDHwGONJ8ATjSPgSONTr8xkDBxrPAOeaTwHnmu8AF5otIHyDWjybKH8s3H7xzdOv1nudpa7RysLP/xF/W35s9aXra9bi61u69vWD62t1mFr1CItt/W31t9b/5j/5/y/5/8z/98i9eOPVJ8vWrXP/P/+D5sq7uU=</latexit>
NM = 1
<latexit sha1_base64="G0h8TixtCtDZzfucwc//tZxqn+c=">AAAXOXicndjbbuPGGQdw5dA2dU+bBvBNgECIdwFv4RpS1rtpFggQW/LZlm3ZsnygLZDDocQ1h+SSQx92wL5Cb9tn6ZP0sndFb/sCHZLD+ZO0k4sI2BXn930znCE/HmQr9NyYdzr/+ujjTz79xS9/9dmv537z29/9/g/PPv/jaRwkEaEjEnhBdGaZMfV cn464yz16FkbUZJZHx9ZNL4uPb2kUu4F/wh9CesXMqe86LjG5pNFgsv99d/JsobP8XefNyso37c7ym1crb16/lhvdzsqr775td5c7+WehpT6Hk8/nvzLsgCSM+px4ZhxfdjshvxJmxF3i0XRubs5IYhqa5MacUuGYPnmY2dFSm4ax406L76W2yWI+Y/k3M/ks34gfmJVvOIHP46V2nFiyRxLRpXa+2LQ2Mp9FVDYizk0r228ldukHpv0uieW0iMvrMWHnw9eN+nI9kdlMJQHLlinR9YmX2FTMqGnTxkRY4nE3Cu7qarnTmEeJ7Dxn+PSOz2gQUSbUdypO1EYtKvv6wZ1H7SnNd3ypAlditRGZe1Hr502DyJUHtNpDW30X925QS8vbtRQia6qS0cua9QTPdKtj9PJ2PSXIjlhWetU8YDPZdvmjXGXN1HeUcFkU9dwS68ly/TRqjKutlmpTx/Wbc+gDa8n 03mShV53BupJGGo2IG9fzFNUSPcqYmYq9/Kux3CjwPDN6SOUiy81ahh9wszHtQUm1xDAK5HVSPW2HSpppYRAXi84ydKOWJf+Z0U0qhsV3LRYHXtKY0XFJ9cRErleup5KnpF6xsUwMiwmtYvvxGUmFYTntJ09FtngniFiRohcuryJ54o1iNUIYfuD6try82llWsba3xiyW1zQVneXXskuaXc9Zn/fUFs8Ny5OXbPw+MSP6PC0CcleBg6GEQVk4y45k4LxN22k1K755lHd8QzmZtYN8krUe1LfV0DPH9bx2NoNULaASyyf7J2FkOelfsyRD3iSzDB65t9lTxUj8+MYNf17f26zrq5CXh2FdGNn9O3bEejnR4+3BUGvW0IGqV3i7mj7UR9gThkcdrrIiYUTudFY2F4vgomq+VNGXqu1ZRdwQZXdLZRjlbi+LjEvVvFLxK3XDzu79pm/LEyTLTp4l+YSwsju/ mpzFZLnkTyV5Ldip+HP+aa8FwU1WNZLaisr9zbI5zUx5oj35iLbNdGLpSNKIJCpCTLlsTu+5PDS91Cw39aELiXwmhRNyLQJQVk8FLnZeljwUw4lBuVk286SC6nkVDjD1fF71SZYHtowV3xOxmHVe4nrEXnFyienJJZR72RdyL/u6ybImK5t76LFXXdZQrkp00mtdLcO0Gu41wz2zmmDTvH/3R/rbtNcMV/vLwvSFcefalLuePEZGUal5jBcHhpdtzw4SeX/R4/TTa4PKK0rt6nE0VKHEiTRvDFEGVsMt5Geqbh15dch7ktTnet7WkylWNYU6jshdbqTN6udZdV92r0TRt1LxC918hFqy5SX0UXaOKv1nXz2nqIlTvTbXF9a1WpTrY81BwhGQDR3pJ6I/KTgJNVoarZnGUGNINNoabb/EQSIGE4FBS7bBNuY2TGSlP84e2uBK9jgR4+vmfMe2RsyCJ4I/ MS63wZVxE9Ec1BbNEW8LsRxxWzkJivQ52FL9tvTBt5SsrelbhKNouFGSU5xOOZKjp6pudeIk0hRwZXKrRCIvTHUS9HDRB72Li428zF7IYvLsthfcyRcu+QKrJvcg/xdvvy/nago9DzM7OC/a5Rq0WygrAiVQG2pDKQXTytXoiOrKS55Cp9AZdAZ1oS70HfQd9AZ6A/WgHpRBGdSHVi8waAANoahA6z30PTSCRtAYGkM5FJeylUAT6C30FnoHvYPeQ++hD9AH6AfoB2gH2slvb6rsiBm63PTaHuXyx0assleRvYox1qBr0B60B+1D+9B16Dp0A7oB3YRuQregW9Bt6DZ0B7oD3YXuQvege9B96D50AB1AD6AH0EPoIfQIegQdQvE4t46hx9AT6Al0BB1BT6Gn0DF0DD2DnkHPoefQC+iFqqm8af1EaTFdWlaltNgaFKXFelCUFutDUVpsHYrSYhtQlBbbh KK02BYUpcW2oSgttgNFabFdKEqL7UFRWmwfitJiAyhKix1AUVrsEIrSYkdQlBYbQlFa7BiK0mInUJQWG0FRWuwUitJiYyhKi51BUVrsHIrSYhfQsrR6pudOIzOcueTp0iKrePNa1c/gNaB+zJOn3vRJH9jXuA7UPxvJBlA/2MkmcFPjFlC/d5Bt4LbGHeCOxl3grsanfnSQfaD+sUIGwIHGA+CBxkPgocYj4JHGIVD/rCDHwGONJ8ATjSPgSONTr8xkDBxrPAOeaTwHnmu8AF5otIHyDWjybKH8s3H7xzdOv1nudpa7RysLP/xF/W35s9aXra9bi61u69vWD62t1mFr1CItt/W31t9b/5j/5/y/5/8z/98i9eOPVJ8vWrXP/P/+D5sq7uU=</latexit><latexit sha1_base64="G0h8TixtCtDZzfucwc//tZxqn+c=">AAAXOXicndjbbuPGGQdw5dA2dU+bBvBNgECIdwFv4RpS1rtpFggQW/LZlm3ZsnygLZDDocQ1h+SSQx92wL5Cb9tn6ZP0sndFb/sCHZLD+ZO0k4sI2BXn930znCE/HmQr9NyYdzr/+ujjTz79xS9/9dmv537z29/9/g/PPv/jaRwkEaEjEnhBdGaZMfV cn464yz16FkbUZJZHx9ZNL4uPb2kUu4F/wh9CesXMqe86LjG5pNFgsv99d/JsobP8XefNyso37c7ym1crb16/lhvdzsqr775td5c7+WehpT6Hk8/nvzLsgCSM+px4ZhxfdjshvxJmxF3i0XRubs5IYhqa5MacUuGYPnmY2dFSm4ax406L76W2yWI+Y/k3M/ks34gfmJVvOIHP46V2nFiyRxLRpXa+2LQ2Mp9FVDYizk0r228ldukHpv0uieW0iMvrMWHnw9eN+nI9kdlMJQHLlinR9YmX2FTMqGnTxkRY4nE3Cu7qarnTmEeJ7Dxn+PSOz2gQUSbUdypO1EYtKvv6wZ1H7SnNd3ypAlditRGZe1Hr502DyJUHtNpDW30X925QS8vbtRQia6qS0cua9QTPdKtj9PJ2PSXIjlhWetU8YDPZdvmjXGXN1HeUcFkU9dwS68ly/TRqjKutlmpTx/Wbc+gDa8n 03mShV53BupJGGo2IG9fzFNUSPcqYmYq9/Kux3CjwPDN6SOUiy81ahh9wszHtQUm1xDAK5HVSPW2HSpppYRAXi84ydKOWJf+Z0U0qhsV3LRYHXtKY0XFJ9cRErleup5KnpF6xsUwMiwmtYvvxGUmFYTntJ09FtngniFiRohcuryJ54o1iNUIYfuD6try82llWsba3xiyW1zQVneXXskuaXc9Zn/fUFs8Ny5OXbPw+MSP6PC0CcleBg6GEQVk4y45k4LxN22k1K755lHd8QzmZtYN8krUe1LfV0DPH9bx2NoNULaASyyf7J2FkOelfsyRD3iSzDB65t9lTxUj8+MYNf17f26zrq5CXh2FdGNn9O3bEejnR4+3BUGvW0IGqV3i7mj7UR9gThkcdrrIiYUTudFY2F4vgomq+VNGXqu1ZRdwQZXdLZRjlbi+LjEvVvFLxK3XDzu79pm/LEyTLTp4l+YSwsju/ mpzFZLnkTyV5Ldip+HP+aa8FwU1WNZLaisr9zbI5zUx5oj35iLbNdGLpSNKIJCpCTLlsTu+5PDS91Cw39aELiXwmhRNyLQJQVk8FLnZeljwUw4lBuVk286SC6nkVDjD1fF71SZYHtowV3xOxmHVe4nrEXnFyienJJZR72RdyL/u6ybImK5t76LFXXdZQrkp00mtdLcO0Gu41wz2zmmDTvH/3R/rbtNcMV/vLwvSFcefalLuePEZGUal5jBcHhpdtzw4SeX/R4/TTa4PKK0rt6nE0VKHEiTRvDFEGVsMt5Geqbh15dch7ktTnet7WkylWNYU6jshdbqTN6udZdV92r0TRt1LxC918hFqy5SX0UXaOKv1nXz2nqIlTvTbXF9a1WpTrY81BwhGQDR3pJ6I/KTgJNVoarZnGUGNINNoabb/EQSIGE4FBS7bBNuY2TGSlP84e2uBK9jgR4+vmfMe2RsyCJ4I/ MS63wZVxE9Ec1BbNEW8LsRxxWzkJivQ52FL9tvTBt5SsrelbhKNouFGSU5xOOZKjp6pudeIk0hRwZXKrRCIvTHUS9HDRB72Li428zF7IYvLsthfcyRcu+QKrJvcg/xdvvy/nago9DzM7OC/a5Rq0WygrAiVQG2pDKQXTytXoiOrKS55Cp9AZdAZ1oS70HfQd9AZ6A/WgHpRBGdSHVi8waAANoahA6z30PTSCRtAYGkM5FJeylUAT6C30FnoHvYPeQ++hD9AH6AfoB2gH2slvb6rsiBm63PTaHuXyx0assleRvYox1qBr0B60B+1D+9B16Dp0A7oB3YRuQregW9Bt6DZ0B7oD3YXuQvege9B96D50AB1AD6AH0EPoIfQIegQdQvE4t46hx9AT6Al0BB1BT6Gn0DF0DD2DnkHPoefQC+iFqqm8af1EaTFdWlaltNgaFKXFelCUFutDUVpsHYrSYhtQlBbbh KK02BYUpcW2oSgttgNFabFdKEqL7UFRWmwfitJiAyhKix1AUVrsEIrSYkdQlBYbQlFa7BiK0mInUJQWG0FRWuwUitJiYyhKi51BUVrsHIrSYhfQsrR6pudOIzOcueTp0iKrePNa1c/gNaB+zJOn3vRJH9jXuA7UPxvJBlA/2MkmcFPjFlC/d5Bt4LbGHeCOxl3grsanfnSQfaD+sUIGwIHGA+CBxkPgocYj4JHGIVD/rCDHwGONJ8ATjSPgSONTr8xkDBxrPAOeaTwHnmu8AF5otIHyDWjybKH8s3H7xzdOv1nudpa7RysLP/xF/W35s9aXra9bi61u69vWD62t1mFr1CItt/W31t9b/5j/5/y/5/8z/98i9eOPVJ8vWrXP/P/+D5sq7uU=</latexit><latexit sha1_base64="G0h8TixtCtDZzfucwc//tZxqn+c=">AAAXOXicndjbbuPGGQdw5dA2dU+bBvBNgECIdwFv4RpS1rtpFggQW/LZlm3ZsnygLZDDocQ1h+SSQx92wL5Cb9tn6ZP0sndFb/sCHZLD+ZO0k4sI2BXn930znCE/HmQr9NyYdzr/+ujjTz79xS9/9dmv537z29/9/g/PPv/jaRwkEaEjEnhBdGaZMfV cn464yz16FkbUZJZHx9ZNL4uPb2kUu4F/wh9CesXMqe86LjG5pNFgsv99d/JsobP8XefNyso37c7ym1crb16/lhvdzsqr775td5c7+WehpT6Hk8/nvzLsgCSM+px4ZhxfdjshvxJmxF3i0XRubs5IYhqa5MacUuGYPnmY2dFSm4ax406L76W2yWI+Y/k3M/ks34gfmJVvOIHP46V2nFiyRxLRpXa+2LQ2Mp9FVDYizk0r228ldukHpv0uieW0iMvrMWHnw9eN+nI9kdlMJQHLlinR9YmX2FTMqGnTxkRY4nE3Cu7qarnTmEeJ7Dxn+PSOz2gQUSbUdypO1EYtKvv6wZ1H7SnNd3ypAlditRGZe1Hr502DyJUHtNpDW30X925QS8vbtRQia6qS0cua9QTPdKtj9PJ2PSXIjlhWetU8YDPZdvmjXGXN1HeUcFkU9dwS68ly/TRqjKutlmpTx/Wbc+gDa8n 03mShV53BupJGGo2IG9fzFNUSPcqYmYq9/Kux3CjwPDN6SOUiy81ahh9wszHtQUm1xDAK5HVSPW2HSpppYRAXi84ydKOWJf+Z0U0qhsV3LRYHXtKY0XFJ9cRErleup5KnpF6xsUwMiwmtYvvxGUmFYTntJ09FtngniFiRohcuryJ54o1iNUIYfuD6try82llWsba3xiyW1zQVneXXskuaXc9Zn/fUFs8Ny5OXbPw+MSP6PC0CcleBg6GEQVk4y45k4LxN22k1K755lHd8QzmZtYN8krUe1LfV0DPH9bx2NoNULaASyyf7J2FkOelfsyRD3iSzDB65t9lTxUj8+MYNf17f26zrq5CXh2FdGNn9O3bEejnR4+3BUGvW0IGqV3i7mj7UR9gThkcdrrIiYUTudFY2F4vgomq+VNGXqu1ZRdwQZXdLZRjlbi+LjEvVvFLxK3XDzu79pm/LEyTLTp4l+YSwsju/ mpzFZLnkTyV5Ldip+HP+aa8FwU1WNZLaisr9zbI5zUx5oj35iLbNdGLpSNKIJCpCTLlsTu+5PDS91Cw39aELiXwmhRNyLQJQVk8FLnZeljwUw4lBuVk286SC6nkVDjD1fF71SZYHtowV3xOxmHVe4nrEXnFyienJJZR72RdyL/u6ybImK5t76LFXXdZQrkp00mtdLcO0Gu41wz2zmmDTvH/3R/rbtNcMV/vLwvSFcefalLuePEZGUal5jBcHhpdtzw4SeX/R4/TTa4PKK0rt6nE0VKHEiTRvDFEGVsMt5Geqbh15dch7ktTnet7WkylWNYU6jshdbqTN6udZdV92r0TRt1LxC918hFqy5SX0UXaOKv1nXz2nqIlTvTbXF9a1WpTrY81BwhGQDR3pJ6I/KTgJNVoarZnGUGNINNoabb/EQSIGE4FBS7bBNuY2TGSlP84e2uBK9jgR4+vmfMe2RsyCJ4I/ MS63wZVxE9Ec1BbNEW8LsRxxWzkJivQ52FL9tvTBt5SsrelbhKNouFGSU5xOOZKjp6pudeIk0hRwZXKrRCIvTHUS9HDRB72Li428zF7IYvLsthfcyRcu+QKrJvcg/xdvvy/nago9DzM7OC/a5Rq0WygrAiVQG2pDKQXTytXoiOrKS55Cp9AZdAZ1oS70HfQd9AZ6A/WgHpRBGdSHVi8waAANoahA6z30PTSCRtAYGkM5FJeylUAT6C30FnoHvYPeQ++hD9AH6AfoB2gH2slvb6rsiBm63PTaHuXyx0assleRvYox1qBr0B60B+1D+9B16Dp0A7oB3YRuQregW9Bt6DZ0B7oD3YXuQvege9B96D50AB1AD6AH0EPoIfQIegQdQvE4t46hx9AT6Al0BB1BT6Gn0DF0DD2DnkHPoefQC+iFqqm8af1EaTFdWlaltNgaFKXFelCUFutDUVpsHYrSYhtQlBbbh KK02BYUpcW2oSgttgNFabFdKEqL7UFRWmwfitJiAyhKix1AUVrsEIrSYkdQlBYbQlFa7BiK0mInUJQWG0FRWuwUitJiYyhKi51BUVrsHIrSYhfQsrR6pudOIzOcueTp0iKrePNa1c/gNaB+zJOn3vRJH9jXuA7UPxvJBlA/2MkmcFPjFlC/d5Bt4LbGHeCOxl3grsanfnSQfaD+sUIGwIHGA+CBxkPgocYj4JHGIVD/rCDHwGONJ8ATjSPgSONTr8xkDBxrPAOeaTwHnmu8AF5otIHyDWjybKH8s3H7xzdOv1nudpa7RysLP/xF/W35s9aXra9bi61u69vWD62t1mFr1CItt/W31t9b/5j/5/y/5/8z/98i9eOPVJ8vWrXP/P/+D5sq7uU=</latexit><latexit sha1_base64="G0h8TixtCtDZzfucwc//tZxqn+c=">AAAXOXicndjbbuPGGQdw5dA2dU+bBvBNgECIdwFv4RpS1rtpFggQW/LZlm3ZsnygLZDDocQ1h+SSQx92wL5Cb9tn6ZP0sndFb/sCHZLD+ZO0k4sI2BXn930znCE/HmQr9NyYdzr/+ujjTz79xS9/9dmv537z29/9/g/PPv/jaRwkEaEjEnhBdGaZMfV cn464yz16FkbUZJZHx9ZNL4uPb2kUu4F/wh9CesXMqe86LjG5pNFgsv99d/JsobP8XefNyso37c7ym1crb16/lhvdzsqr775td5c7+WehpT6Hk8/nvzLsgCSM+px4ZhxfdjshvxJmxF3i0XRubs5IYhqa5MacUuGYPnmY2dFSm4ax406L76W2yWI+Y/k3M/ks34gfmJVvOIHP46V2nFiyRxLRpXa+2LQ2Mp9FVDYizk0r228ldukHpv0uieW0iMvrMWHnw9eN+nI9kdlMJQHLlinR9YmX2FTMqGnTxkRY4nE3Cu7qarnTmEeJ7Dxn+PSOz2gQUSbUdypO1EYtKvv6wZ1H7SnNd3ypAlditRGZe1Hr502DyJUHtNpDW30X925QS8vbtRQia6qS0cua9QTPdKtj9PJ2PSXIjlhWetU8YDPZdvmjXGXN1HeUcFkU9dwS68ly/TRqjKutlmpTx/Wbc+gDa8n 03mShV53BupJGGo2IG9fzFNUSPcqYmYq9/Kux3CjwPDN6SOUiy81ahh9wszHtQUm1xDAK5HVSPW2HSpppYRAXi84ydKOWJf+Z0U0qhsV3LRYHXtKY0XFJ9cRErleup5KnpF6xsUwMiwmtYvvxGUmFYTntJ09FtngniFiRohcuryJ54o1iNUIYfuD6try82llWsba3xiyW1zQVneXXskuaXc9Zn/fUFs8Ny5OXbPw+MSP6PC0CcleBg6GEQVk4y45k4LxN22k1K755lHd8QzmZtYN8krUe1LfV0DPH9bx2NoNULaASyyf7J2FkOelfsyRD3iSzDB65t9lTxUj8+MYNf17f26zrq5CXh2FdGNn9O3bEejnR4+3BUGvW0IGqV3i7mj7UR9gThkcdrrIiYUTudFY2F4vgomq+VNGXqu1ZRdwQZXdLZRjlbi+LjEvVvFLxK3XDzu79pm/LEyTLTp4l+YSwsju/ mpzFZLnkTyV5Ldip+HP+aa8FwU1WNZLaisr9zbI5zUx5oj35iLbNdGLpSNKIJCpCTLlsTu+5PDS91Cw39aELiXwmhRNyLQJQVk8FLnZeljwUw4lBuVk286SC6nkVDjD1fF71SZYHtowV3xOxmHVe4nrEXnFyienJJZR72RdyL/u6ybImK5t76LFXXdZQrkp00mtdLcO0Gu41wz2zmmDTvH/3R/rbtNcMV/vLwvSFcefalLuePEZGUal5jBcHhpdtzw4SeX/R4/TTa4PKK0rt6nE0VKHEiTRvDFEGVsMt5Geqbh15dch7ktTnet7WkylWNYU6jshdbqTN6udZdV92r0TRt1LxC918hFqy5SX0UXaOKv1nXz2nqIlTvTbXF9a1WpTrY81BwhGQDR3pJ6I/KTgJNVoarZnGUGNINNoabb/EQSIGE4FBS7bBNuY2TGSlP84e2uBK9jgR4+vmfMe2RsyCJ4I/ MS63wZVxE9Ec1BbNEW8LsRxxWzkJivQ52FL9tvTBt5SsrelbhKNouFGSU5xOOZKjp6pudeIk0hRwZXKrRCIvTHUS9HDRB72Li428zF7IYvLsthfcyRcu+QKrJvcg/xdvvy/nago9DzM7OC/a5Rq0WygrAiVQG2pDKQXTytXoiOrKS55Cp9AZdAZ1oS70HfQd9AZ6A/WgHpRBGdSHVi8waAANoahA6z30PTSCRtAYGkM5FJeylUAT6C30FnoHvYPeQ++hD9AH6AfoB2gH2slvb6rsiBm63PTaHuXyx0assleRvYox1qBr0B60B+1D+9B16Dp0A7oB3YRuQregW9Bt6DZ0B7oD3YXuQvege9B96D50AB1AD6AH0EPoIfQIegQdQvE4t46hx9AT6Al0BB1BT6Gn0DF0DD2DnkHPoefQC+iFqqm8af1EaTFdWlaltNgaFKXFelCUFutDUVpsHYrSYhtQlBbbh KK02BYUpcW2oSgttgNFabFdKEqL7UFRWmwfitJiAyhKix1AUVrsEIrSYkdQlBYbQlFa7BiK0mInUJQWG0FRWuwUitJiYyhKi51BUVrsHIrSYhfQsrR6pudOIzOcueTp0iKrePNa1c/gNaB+zJOn3vRJH9jXuA7UPxvJBlA/2MkmcFPjFlC/d5Bt4LbGHeCOxl3grsanfnSQfaD+sUIGwIHGA+CBxkPgocYj4JHGIVD/rCDHwGONJ8ATjSPgSONTr8xkDBxrPAOeaTwHnmu8AF5otIHyDWjybKH8s3H7xzdOv1nudpa7RysLP/xF/W35s9aXra9bi61u69vWD62t1mFr1CItt/W31t9b/5j/5/y/5/8z/98i9eOPVJ8vWrXP/P/+D5sq7uU=</latexit>
NM = 10
<latexit sha1_base64="knBg9HW3VEuvgiYGPlRsyd2Ugkk=">AAAXOnicndjJbuTGGQfwtrM5yuJxAuhiwGhEM4AmkAfddjwGBjBgqbUvLam1tBZKjWKx2E2JRXLIopYpMM+Qa/IseZFccwtyzQOkSBbrT1KyD25gplm/76tiFflx admR7yWi1/vXRx//7Oe/+OWvPvn13G9++7vff/risz+cJmEaU3ZCQz+Mz2ySMN8L2InwhM/OopgRbvtsbN8O8vj4jsWJFwbH4jFiV5xMA8/1KBGKToeTve/6vcmLhd6b/te9t1/1u703veKjNr7pf/P227fdvpaFjv4cTD6b/8JyQppyFgjqkyS57PcicSVJLDzqs2xubs5KExYRekumTLokoI8zJ17qsihxvWn5vdQlPBEzXnxzImbFRvLI7WLDDQORLHWT1FY90pgtdYvVZo2RxSxmqhELQex8v7XYZRAS5yZN1LSoJ5ox6RTDN40Faj0xaafSkOfLVOgF1E8dJmeMOKw1EZ76 wovD+6ba3jQRcao6z1kBuxczFsaMS/2dyWO90YiqvkF47zNnyoodX+rAlVxuReZeNfr50zD21AGt9zDW3MWDFzbSinYjhaqiqmUM8mYzwSdefYxB0W6mhPkRy2uvngdsJzueeJKrrZ16w6hQRdHMrbCZrNbP4ta4xhqpDnO9oD2HVWAjmT0QHvn1GaxpaaWxmHpJM09TI9FnnJNM7hZfreXGoe+T+DFTi6w2GxlBKEhr2sOKGolRHKrrpH7aDrS006IwKRedZ5hGI0v9I/FtJkfldyOWhH7amtFRRc3EVK1XraeWp6VZsYlKjMoJLWP76RnJpGW73WdPRb54N4x5mWIWrq4ideKt cjVSWkHoBY66vLp5Vrm2d9YsUdc0k+qmqLpk+fWc93nPHPnSsn11ySbvUxKzl1kZULsKXQwlLcajWX4kQ/dd1s3qWcntk7yjWyborBsWk2z0YIGjh565nu938xlkegG1WDHZP0srz8n+midZ6iaZZ4jYu8sfK1YaJLde9NP63uVdv45EdRjWpJXfvxNXrlUTPdoajozmDROoe4236ukjc4R9afnMFTorllbsTWdVc7EMLurmax19rdu+XcYtWXW3dYZV7fayzLjUzSsdv9I37PzeTwJHnSBVduosqSeEnd/59eRsrsqleCqpa8HJ5JfFp7sShrd51Sjqaqr2N8vnNCPqRPvqGe2Q bGKbSNqKpDpCiVq2YA9CHZpBRqpNc+giqp5J0YReyxCU11OJi73XFY/kaGIxQapmkVRSM6/GIaZezKs5yerAVrHyeyIX885Lwow4KE8uJb5aQrWXPan2smeaPG/yqrmLHrv1ZY3UqmQvuzbVMsrq4UE7PCD1BIcV/fs/0N9hg3a43l8VZiCte89hwvPVMbLKSi1iojwwomr7Tpiq+4sZZzW7tpi6ovSunkYjHUrd2PD6CGVgt9xGfq761lFUh7onKX1p5m0/m2LXU5jrysLVRtaufpFX92X/SpZ9axW/0C9GaCTbfsqeZBeo03/y1XOKmjg1a/MCaV/rRXkB1hymAgHVMJHVVK5 OSk4jg7ZBe2YwMhhRg45BJ6hwmMrhRGLQih2wg7mNUlXpT7NHDriWPU7l+Lo937FjELMQqRTPjCsccG3cVLYHdWR7xLtSbFfe1U6CJnMONnW/TXPwbS0rK+YW4WoarVfklqdTjeSaqepbnTyODYVCm9qqkKoLU58EM1z8weziYr0os1eqmHyn64f36oVLvcDqyT2q/+W776q5EmnmQfKD86pbrcG4jbKiUAp1oA6UMTCrXY2urK+84il0Cp1BZ1AP6kFvoDfQW+gt1If6UA7l0ABav8CgITSCogLt99D30BgaQxNoAhVQXMp2Ck2hd9A76D30HvoAfYA+Qh+hH6AfoD1or7i96bK jJPIE8bs+E+rHRqKzl5G9jDFWoCvQAXQAXYWuQtega9B16Dp0A7oB3YRuQregW9Bt6DZ0B7oD3YXuQvege9AhdAjdh+5DD6AH0EPoIXQExePcPoIeQY+hx9AT6An0FHoKHUPH0DPoGfQceg69gF7omiqa9o+UFjelZddKi69AUVp8AEVp8VUoSouvQVFafB2K0uIbUJQW34SitPgWFKXFt6EoLb4DRWnxXShKi+9BUVp8CEVp8X0oSosfQFFa/BCK0uIjKEqLH0FRWvwYitLiJ1CUFj+ForT4GIrS4mdQlBY/h6K0+AW0Kq0B8b1pTKKZR58vLbqMN69l8wxeAZrHPH3uTZ+uAlc NrgHNz0a6DjQPdroB3DC4CTTvHXQLuGVwG7htcAe4Y/C5Hx10D2h+rNAhcGhwH7hv8AB4YPAQeGhwBDQ/K+gR8MjgMfDY4AnwxOBzr8x0DBwbPAOeGTwHnhu8AF4YdIDqDWjyYqH6s3H3hzdOv3rTV9uHf1n4fkX/bfmTzuedP3UWO/3Ot53vO5udg85Jh3ZuOn/r/L3zj/l/zv97/j/z/y1TP/5I9/ljp/GZ/9//AQRQ7wY=</latexit><latexit sha1_base64="knBg9HW3VEuvgiYGPlRsyd2Ugkk=">AAAXOnicndjJbuTGGQfwtrM5yuJxAuhiwGhEM4AmkAfddjwGBjBgqbUvLam1tBZKjWKx2E2JRXLIopYpMM+Qa/IseZFccwtyzQOkSBbrT1KyD25gplm/76tiFflx admR7yWi1/vXRx//7Oe/+OWvPvn13G9++7vff/risz+cJmEaU3ZCQz+Mz2ySMN8L2InwhM/OopgRbvtsbN8O8vj4jsWJFwbH4jFiV5xMA8/1KBGKToeTve/6vcmLhd6b/te9t1/1u703veKjNr7pf/P227fdvpaFjv4cTD6b/8JyQppyFgjqkyS57PcicSVJLDzqs2xubs5KExYRekumTLokoI8zJ17qsihxvWn5vdQlPBEzXnxzImbFRvLI7WLDDQORLHWT1FY90pgtdYvVZo2RxSxmqhELQex8v7XYZRAS5yZN1LSoJ5ox6RTDN40Faj0xaafSkOfLVOgF1E8dJmeMOKw1EZ76 wovD+6ba3jQRcao6z1kBuxczFsaMS/2dyWO90YiqvkF47zNnyoodX+rAlVxuReZeNfr50zD21AGt9zDW3MWDFzbSinYjhaqiqmUM8mYzwSdefYxB0W6mhPkRy2uvngdsJzueeJKrrZ16w6hQRdHMrbCZrNbP4ta4xhqpDnO9oD2HVWAjmT0QHvn1GaxpaaWxmHpJM09TI9FnnJNM7hZfreXGoe+T+DFTi6w2GxlBKEhr2sOKGolRHKrrpH7aDrS006IwKRedZ5hGI0v9I/FtJkfldyOWhH7amtFRRc3EVK1XraeWp6VZsYlKjMoJLWP76RnJpGW73WdPRb54N4x5mWIWrq4ideKt cjVSWkHoBY66vLp5Vrm2d9YsUdc0k+qmqLpk+fWc93nPHPnSsn11ySbvUxKzl1kZULsKXQwlLcajWX4kQ/dd1s3qWcntk7yjWyborBsWk2z0YIGjh565nu938xlkegG1WDHZP0srz8n+midZ6iaZZ4jYu8sfK1YaJLde9NP63uVdv45EdRjWpJXfvxNXrlUTPdoajozmDROoe4236ukjc4R9afnMFTorllbsTWdVc7EMLurmax19rdu+XcYtWXW3dYZV7fayzLjUzSsdv9I37PzeTwJHnSBVduosqSeEnd/59eRsrsqleCqpa8HJ5JfFp7sShrd51Sjqaqr2N8vnNCPqRPvqGe2Q bGKbSNqKpDpCiVq2YA9CHZpBRqpNc+giqp5J0YReyxCU11OJi73XFY/kaGIxQapmkVRSM6/GIaZezKs5yerAVrHyeyIX885Lwow4KE8uJb5aQrWXPan2smeaPG/yqrmLHrv1ZY3UqmQvuzbVMsrq4UE7PCD1BIcV/fs/0N9hg3a43l8VZiCte89hwvPVMbLKSi1iojwwomr7Tpiq+4sZZzW7tpi6ovSunkYjHUrd2PD6CGVgt9xGfq761lFUh7onKX1p5m0/m2LXU5jrysLVRtaufpFX92X/SpZ9axW/0C9GaCTbfsqeZBeo03/y1XOKmjg1a/MCaV/rRXkB1hymAgHVMJHVVK5 OSk4jg7ZBe2YwMhhRg45BJ6hwmMrhRGLQih2wg7mNUlXpT7NHDriWPU7l+Lo937FjELMQqRTPjCsccG3cVLYHdWR7xLtSbFfe1U6CJnMONnW/TXPwbS0rK+YW4WoarVfklqdTjeSaqepbnTyODYVCm9qqkKoLU58EM1z8weziYr0os1eqmHyn64f36oVLvcDqyT2q/+W776q5EmnmQfKD86pbrcG4jbKiUAp1oA6UMTCrXY2urK+84il0Cp1BZ1AP6kFvoDfQW+gt1If6UA7l0ABav8CgITSCogLt99D30BgaQxNoAhVQXMp2Ck2hd9A76D30HvoAfYA+Qh+hH6AfoD1or7i96bK jJPIE8bs+E+rHRqKzl5G9jDFWoCvQAXQAXYWuQtega9B16Dp0A7oB3YRuQregW9Bt6DZ0B7oD3YXuQvege9AhdAjdh+5DD6AH0EPoIXQExePcPoIeQY+hx9AT6An0FHoKHUPH0DPoGfQceg69gF7omiqa9o+UFjelZddKi69AUVp8AEVp8VUoSouvQVFafB2K0uIbUJQW34SitPgWFKXFt6EoLb4DRWnxXShKi+9BUVp8CEVp8X0oSosfQFFa/BCK0uIjKEqLH0FRWvwYitLiJ1CUFj+ForT4GIrS4mdQlBY/h6K0+AW0Kq0B8b1pTKKZR58vLbqMN69l8wxeAZrHPH3uTZ+uAlc NrgHNz0a6DjQPdroB3DC4CTTvHXQLuGVwG7htcAe4Y/C5Hx10D2h+rNAhcGhwH7hv8AB4YPAQeGhwBDQ/K+gR8MjgMfDY4AnwxOBzr8x0DBwbPAOeGTwHnhu8AF4YdIDqDWjyYqH6s3H3hzdOv3rTV9uHf1n4fkX/bfmTzuedP3UWO/3Ot53vO5udg85Jh3ZuOn/r/L3zj/l/zv97/j/z/y1TP/5I9/ljp/GZ/9//AQRQ7wY=</latexit><latexit sha1_base64="knBg9HW3VEuvgiYGPlRsyd2Ugkk=">AAAXOnicndjJbuTGGQfwtrM5yuJxAuhiwGhEM4AmkAfddjwGBjBgqbUvLam1tBZKjWKx2E2JRXLIopYpMM+Qa/IseZFccwtyzQOkSBbrT1KyD25gplm/76tiFflx admR7yWi1/vXRx//7Oe/+OWvPvn13G9++7vff/risz+cJmEaU3ZCQz+Mz2ySMN8L2InwhM/OopgRbvtsbN8O8vj4jsWJFwbH4jFiV5xMA8/1KBGKToeTve/6vcmLhd6b/te9t1/1u703veKjNr7pf/P227fdvpaFjv4cTD6b/8JyQppyFgjqkyS57PcicSVJLDzqs2xubs5KExYRekumTLokoI8zJ17qsihxvWn5vdQlPBEzXnxzImbFRvLI7WLDDQORLHWT1FY90pgtdYvVZo2RxSxmqhELQex8v7XYZRAS5yZN1LSoJ5ox6RTDN40Faj0xaafSkOfLVOgF1E8dJmeMOKw1EZ76 wovD+6ba3jQRcao6z1kBuxczFsaMS/2dyWO90YiqvkF47zNnyoodX+rAlVxuReZeNfr50zD21AGt9zDW3MWDFzbSinYjhaqiqmUM8mYzwSdefYxB0W6mhPkRy2uvngdsJzueeJKrrZ16w6hQRdHMrbCZrNbP4ta4xhqpDnO9oD2HVWAjmT0QHvn1GaxpaaWxmHpJM09TI9FnnJNM7hZfreXGoe+T+DFTi6w2GxlBKEhr2sOKGolRHKrrpH7aDrS006IwKRedZ5hGI0v9I/FtJkfldyOWhH7amtFRRc3EVK1XraeWp6VZsYlKjMoJLWP76RnJpGW73WdPRb54N4x5mWIWrq4ideKt cjVSWkHoBY66vLp5Vrm2d9YsUdc0k+qmqLpk+fWc93nPHPnSsn11ySbvUxKzl1kZULsKXQwlLcajWX4kQ/dd1s3qWcntk7yjWyborBsWk2z0YIGjh565nu938xlkegG1WDHZP0srz8n+midZ6iaZZ4jYu8sfK1YaJLde9NP63uVdv45EdRjWpJXfvxNXrlUTPdoajozmDROoe4236ukjc4R9afnMFTorllbsTWdVc7EMLurmax19rdu+XcYtWXW3dYZV7fayzLjUzSsdv9I37PzeTwJHnSBVduosqSeEnd/59eRsrsqleCqpa8HJ5JfFp7sShrd51Sjqaqr2N8vnNCPqRPvqGe2Q bGKbSNqKpDpCiVq2YA9CHZpBRqpNc+giqp5J0YReyxCU11OJi73XFY/kaGIxQapmkVRSM6/GIaZezKs5yerAVrHyeyIX885Lwow4KE8uJb5aQrWXPan2smeaPG/yqrmLHrv1ZY3UqmQvuzbVMsrq4UE7PCD1BIcV/fs/0N9hg3a43l8VZiCte89hwvPVMbLKSi1iojwwomr7Tpiq+4sZZzW7tpi6ovSunkYjHUrd2PD6CGVgt9xGfq761lFUh7onKX1p5m0/m2LXU5jrysLVRtaufpFX92X/SpZ9axW/0C9GaCTbfsqeZBeo03/y1XOKmjg1a/MCaV/rRXkB1hymAgHVMJHVVK5 OSk4jg7ZBe2YwMhhRg45BJ6hwmMrhRGLQih2wg7mNUlXpT7NHDriWPU7l+Lo937FjELMQqRTPjCsccG3cVLYHdWR7xLtSbFfe1U6CJnMONnW/TXPwbS0rK+YW4WoarVfklqdTjeSaqepbnTyODYVCm9qqkKoLU58EM1z8weziYr0os1eqmHyn64f36oVLvcDqyT2q/+W776q5EmnmQfKD86pbrcG4jbKiUAp1oA6UMTCrXY2urK+84il0Cp1BZ1AP6kFvoDfQW+gt1If6UA7l0ABav8CgITSCogLt99D30BgaQxNoAhVQXMp2Ck2hd9A76D30HvoAfYA+Qh+hH6AfoD1or7i96bK jJPIE8bs+E+rHRqKzl5G9jDFWoCvQAXQAXYWuQtega9B16Dp0A7oB3YRuQregW9Bt6DZ0B7oD3YXuQvege9AhdAjdh+5DD6AH0EPoIXQExePcPoIeQY+hx9AT6An0FHoKHUPH0DPoGfQceg69gF7omiqa9o+UFjelZddKi69AUVp8AEVp8VUoSouvQVFafB2K0uIbUJQW34SitPgWFKXFt6EoLb4DRWnxXShKi+9BUVp8CEVp8X0oSosfQFFa/BCK0uIjKEqLH0FRWvwYitLiJ1CUFj+ForT4GIrS4mdQlBY/h6K0+AW0Kq0B8b1pTKKZR58vLbqMN69l8wxeAZrHPH3uTZ+uAlc NrgHNz0a6DjQPdroB3DC4CTTvHXQLuGVwG7htcAe4Y/C5Hx10D2h+rNAhcGhwH7hv8AB4YPAQeGhwBDQ/K+gR8MjgMfDY4AnwxOBzr8x0DBwbPAOeGTwHnhu8AF4YdIDqDWjyYqH6s3H3hzdOv3rTV9uHf1n4fkX/bfmTzuedP3UWO/3Ot53vO5udg85Jh3ZuOn/r/L3zj/l/zv97/j/z/y1TP/5I9/ljp/GZ/9//AQRQ7wY=</latexit><latexit sha1_base64="knBg9HW3VEuvgiYGPlRsyd2Ugkk=">AAAXOnicndjJbuTGGQfwtrM5yuJxAuhiwGhEM4AmkAfddjwGBjBgqbUvLam1tBZKjWKx2E2JRXLIopYpMM+Qa/IseZFccwtyzQOkSBbrT1KyD25gplm/76tiFflx admR7yWi1/vXRx//7Oe/+OWvPvn13G9++7vff/risz+cJmEaU3ZCQz+Mz2ySMN8L2InwhM/OopgRbvtsbN8O8vj4jsWJFwbH4jFiV5xMA8/1KBGKToeTve/6vcmLhd6b/te9t1/1u703veKjNr7pf/P227fdvpaFjv4cTD6b/8JyQppyFgjqkyS57PcicSVJLDzqs2xubs5KExYRekumTLokoI8zJ17qsihxvWn5vdQlPBEzXnxzImbFRvLI7WLDDQORLHWT1FY90pgtdYvVZo2RxSxmqhELQex8v7XYZRAS5yZN1LSoJ5ox6RTDN40Faj0xaafSkOfLVOgF1E8dJmeMOKw1EZ76 wovD+6ba3jQRcao6z1kBuxczFsaMS/2dyWO90YiqvkF47zNnyoodX+rAlVxuReZeNfr50zD21AGt9zDW3MWDFzbSinYjhaqiqmUM8mYzwSdefYxB0W6mhPkRy2uvngdsJzueeJKrrZ16w6hQRdHMrbCZrNbP4ta4xhqpDnO9oD2HVWAjmT0QHvn1GaxpaaWxmHpJM09TI9FnnJNM7hZfreXGoe+T+DFTi6w2GxlBKEhr2sOKGolRHKrrpH7aDrS006IwKRedZ5hGI0v9I/FtJkfldyOWhH7amtFRRc3EVK1XraeWp6VZsYlKjMoJLWP76RnJpGW73WdPRb54N4x5mWIWrq4ideKt cjVSWkHoBY66vLp5Vrm2d9YsUdc0k+qmqLpk+fWc93nPHPnSsn11ySbvUxKzl1kZULsKXQwlLcajWX4kQ/dd1s3qWcntk7yjWyborBsWk2z0YIGjh565nu938xlkegG1WDHZP0srz8n+midZ6iaZZ4jYu8sfK1YaJLde9NP63uVdv45EdRjWpJXfvxNXrlUTPdoajozmDROoe4236ukjc4R9afnMFTorllbsTWdVc7EMLurmax19rdu+XcYtWXW3dYZV7fayzLjUzSsdv9I37PzeTwJHnSBVduosqSeEnd/59eRsrsqleCqpa8HJ5JfFp7sShrd51Sjqaqr2N8vnNCPqRPvqGe2Q bGKbSNqKpDpCiVq2YA9CHZpBRqpNc+giqp5J0YReyxCU11OJi73XFY/kaGIxQapmkVRSM6/GIaZezKs5yerAVrHyeyIX885Lwow4KE8uJb5aQrWXPan2smeaPG/yqrmLHrv1ZY3UqmQvuzbVMsrq4UE7PCD1BIcV/fs/0N9hg3a43l8VZiCte89hwvPVMbLKSi1iojwwomr7Tpiq+4sZZzW7tpi6ovSunkYjHUrd2PD6CGVgt9xGfq761lFUh7onKX1p5m0/m2LXU5jrysLVRtaufpFX92X/SpZ9axW/0C9GaCTbfsqeZBeo03/y1XOKmjg1a/MCaV/rRXkB1hymAgHVMJHVVK5 OSk4jg7ZBe2YwMhhRg45BJ6hwmMrhRGLQih2wg7mNUlXpT7NHDriWPU7l+Lo937FjELMQqRTPjCsccG3cVLYHdWR7xLtSbFfe1U6CJnMONnW/TXPwbS0rK+YW4WoarVfklqdTjeSaqepbnTyODYVCm9qqkKoLU58EM1z8weziYr0os1eqmHyn64f36oVLvcDqyT2q/+W776q5EmnmQfKD86pbrcG4jbKiUAp1oA6UMTCrXY2urK+84il0Cp1BZ1AP6kFvoDfQW+gt1If6UA7l0ABav8CgITSCogLt99D30BgaQxNoAhVQXMp2Ck2hd9A76D30HvoAfYA+Qh+hH6AfoD1or7i96bK jJPIE8bs+E+rHRqKzl5G9jDFWoCvQAXQAXYWuQtega9B16Dp0A7oB3YRuQregW9Bt6DZ0B7oD3YXuQvege9AhdAjdh+5DD6AH0EPoIXQExePcPoIeQY+hx9AT6An0FHoKHUPH0DPoGfQceg69gF7omiqa9o+UFjelZddKi69AUVp8AEVp8VUoSouvQVFafB2K0uIbUJQW34SitPgWFKXFt6EoLb4DRWnxXShKi+9BUVp8CEVp8X0oSosfQFFa/BCK0uIjKEqLH0FRWvwYitLiJ1CUFj+ForT4GIrS4mdQlBY/h6K0+AW0Kq0B8b1pTKKZR58vLbqMN69l8wxeAZrHPH3uTZ+uAlc NrgHNz0a6DjQPdroB3DC4CTTvHXQLuGVwG7htcAe4Y/C5Hx10D2h+rNAhcGhwH7hv8AB4YPAQeGhwBDQ/K+gR8MjgMfDY4AnwxOBzr8x0DBwbPAOeGTwHnhu8AF4YdIDqDWjyYqH6s3H3hzdOv3rTV9uHf1n4fkX/bfmTzuedP3UWO/3Ot53vO5udg85Jh3ZuOn/r/L3zj/l/zv97/j/z/y1TP/5I9/ljp/GZ/9//AQRQ7wY=</latexit>
NM = 10
<latexit sha1_base64="knBg9HW3VEuvgiYGPlRsyd2Ugkk=">AAAXOnicndjJbuTGGQfwtrM5yuJxAuhiwGhEM4AmkAfddjwGBjBgqbUvLam1tBZKjWKx2E2JRXLIopYpMM+Qa/IseZFccwtyzQOkSBbrT1KyD25gplm/76tiFflx admR7yWi1/vXRx//7Oe/+OWvPvn13G9++7vff/risz+cJmEaU3ZCQz+Mz2ySMN8L2InwhM/OopgRbvtsbN8O8vj4jsWJFwbH4jFiV5xMA8/1KBGKToeTve/6vcmLhd6b/te9t1/1u703veKjNr7pf/P227fdvpaFjv4cTD6b/8JyQppyFgjqkyS57PcicSVJLDzqs2xubs5KExYRekumTLokoI8zJ17qsihxvWn5vdQlPBEzXnxzImbFRvLI7WLDDQORLHWT1FY90pgtdYvVZo2RxSxmqhELQex8v7XYZRAS5yZN1LSoJ5ox6RTDN40Faj0xaafSkOfLVOgF1E8dJmeMOKw1EZ76 wovD+6ba3jQRcao6z1kBuxczFsaMS/2dyWO90YiqvkF47zNnyoodX+rAlVxuReZeNfr50zD21AGt9zDW3MWDFzbSinYjhaqiqmUM8mYzwSdefYxB0W6mhPkRy2uvngdsJzueeJKrrZ16w6hQRdHMrbCZrNbP4ta4xhqpDnO9oD2HVWAjmT0QHvn1GaxpaaWxmHpJM09TI9FnnJNM7hZfreXGoe+T+DFTi6w2GxlBKEhr2sOKGolRHKrrpH7aDrS006IwKRedZ5hGI0v9I/FtJkfldyOWhH7amtFRRc3EVK1XraeWp6VZsYlKjMoJLWP76RnJpGW73WdPRb54N4x5mWIWrq4ideKt cjVSWkHoBY66vLp5Vrm2d9YsUdc0k+qmqLpk+fWc93nPHPnSsn11ySbvUxKzl1kZULsKXQwlLcajWX4kQ/dd1s3qWcntk7yjWyborBsWk2z0YIGjh565nu938xlkegG1WDHZP0srz8n+midZ6iaZZ4jYu8sfK1YaJLde9NP63uVdv45EdRjWpJXfvxNXrlUTPdoajozmDROoe4236ukjc4R9afnMFTorllbsTWdVc7EMLurmax19rdu+XcYtWXW3dYZV7fayzLjUzSsdv9I37PzeTwJHnSBVduosqSeEnd/59eRsrsqleCqpa8HJ5JfFp7sShrd51Sjqaqr2N8vnNCPqRPvqGe2Q bGKbSNqKpDpCiVq2YA9CHZpBRqpNc+giqp5J0YReyxCU11OJi73XFY/kaGIxQapmkVRSM6/GIaZezKs5yerAVrHyeyIX885Lwow4KE8uJb5aQrWXPan2smeaPG/yqrmLHrv1ZY3UqmQvuzbVMsrq4UE7PCD1BIcV/fs/0N9hg3a43l8VZiCte89hwvPVMbLKSi1iojwwomr7Tpiq+4sZZzW7tpi6ovSunkYjHUrd2PD6CGVgt9xGfq761lFUh7onKX1p5m0/m2LXU5jrysLVRtaufpFX92X/SpZ9axW/0C9GaCTbfsqeZBeo03/y1XOKmjg1a/MCaV/rRXkB1hymAgHVMJHVVK5 OSk4jg7ZBe2YwMhhRg45BJ6hwmMrhRGLQih2wg7mNUlXpT7NHDriWPU7l+Lo937FjELMQqRTPjCsccG3cVLYHdWR7xLtSbFfe1U6CJnMONnW/TXPwbS0rK+YW4WoarVfklqdTjeSaqepbnTyODYVCm9qqkKoLU58EM1z8weziYr0os1eqmHyn64f36oVLvcDqyT2q/+W776q5EmnmQfKD86pbrcG4jbKiUAp1oA6UMTCrXY2urK+84il0Cp1BZ1AP6kFvoDfQW+gt1If6UA7l0ABav8CgITSCogLt99D30BgaQxNoAhVQXMp2Ck2hd9A76D30HvoAfYA+Qh+hH6AfoD1or7i96bK jJPIE8bs+E+rHRqKzl5G9jDFWoCvQAXQAXYWuQtega9B16Dp0A7oB3YRuQregW9Bt6DZ0B7oD3YXuQvege9AhdAjdh+5DD6AH0EPoIXQExePcPoIeQY+hx9AT6An0FHoKHUPH0DPoGfQceg69gF7omiqa9o+UFjelZddKi69AUVp8AEVp8VUoSouvQVFafB2K0uIbUJQW34SitPgWFKXFt6EoLb4DRWnxXShKi+9BUVp8CEVp8X0oSosfQFFa/BCK0uIjKEqLH0FRWvwYitLiJ1CUFj+ForT4GIrS4mdQlBY/h6K0+AW0Kq0B8b1pTKKZR58vLbqMN69l8wxeAZrHPH3uTZ+uAlc NrgHNz0a6DjQPdroB3DC4CTTvHXQLuGVwG7htcAe4Y/C5Hx10D2h+rNAhcGhwH7hv8AB4YPAQeGhwBDQ/K+gR8MjgMfDY4AnwxOBzr8x0DBwbPAOeGTwHnhu8AF4YdIDqDWjyYqH6s3H3hzdOv3rTV9uHf1n4fkX/bfmTzuedP3UWO/3Ot53vO5udg85Jh3ZuOn/r/L3zj/l/zv97/j/z/y1TP/5I9/ljp/GZ/9//AQRQ7wY=</latexit><latexit sha1_base64="knBg9HW3VEuvgiYGPlRsyd2Ugkk=">AAAXOnicndjJbuTGGQfwtrM5yuJxAuhiwGhEM4AmkAfddjwGBjBgqbUvLam1tBZKjWKx2E2JRXLIopYpMM+Qa/IseZFccwtyzQOkSBbrT1KyD25gplm/76tiFflx admR7yWi1/vXRx//7Oe/+OWvPvn13G9++7vff/risz+cJmEaU3ZCQz+Mz2ySMN8L2InwhM/OopgRbvtsbN8O8vj4jsWJFwbH4jFiV5xMA8/1KBGKToeTve/6vcmLhd6b/te9t1/1u703veKjNr7pf/P227fdvpaFjv4cTD6b/8JyQppyFgjqkyS57PcicSVJLDzqs2xubs5KExYRekumTLokoI8zJ17qsihxvWn5vdQlPBEzXnxzImbFRvLI7WLDDQORLHWT1FY90pgtdYvVZo2RxSxmqhELQex8v7XYZRAS5yZN1LSoJ5ox6RTDN40Faj0xaafSkOfLVOgF1E8dJmeMOKw1EZ76 wovD+6ba3jQRcao6z1kBuxczFsaMS/2dyWO90YiqvkF47zNnyoodX+rAlVxuReZeNfr50zD21AGt9zDW3MWDFzbSinYjhaqiqmUM8mYzwSdefYxB0W6mhPkRy2uvngdsJzueeJKrrZ16w6hQRdHMrbCZrNbP4ta4xhqpDnO9oD2HVWAjmT0QHvn1GaxpaaWxmHpJM09TI9FnnJNM7hZfreXGoe+T+DFTi6w2GxlBKEhr2sOKGolRHKrrpH7aDrS006IwKRedZ5hGI0v9I/FtJkfldyOWhH7amtFRRc3EVK1XraeWp6VZsYlKjMoJLWP76RnJpGW73WdPRb54N4x5mWIWrq4ideKt cjVSWkHoBY66vLp5Vrm2d9YsUdc0k+qmqLpk+fWc93nPHPnSsn11ySbvUxKzl1kZULsKXQwlLcajWX4kQ/dd1s3qWcntk7yjWyborBsWk2z0YIGjh565nu938xlkegG1WDHZP0srz8n+midZ6iaZZ4jYu8sfK1YaJLde9NP63uVdv45EdRjWpJXfvxNXrlUTPdoajozmDROoe4236ukjc4R9afnMFTorllbsTWdVc7EMLurmax19rdu+XcYtWXW3dYZV7fayzLjUzSsdv9I37PzeTwJHnSBVduosqSeEnd/59eRsrsqleCqpa8HJ5JfFp7sShrd51Sjqaqr2N8vnNCPqRPvqGe2Q bGKbSNqKpDpCiVq2YA9CHZpBRqpNc+giqp5J0YReyxCU11OJi73XFY/kaGIxQapmkVRSM6/GIaZezKs5yerAVrHyeyIX885Lwow4KE8uJb5aQrWXPan2smeaPG/yqrmLHrv1ZY3UqmQvuzbVMsrq4UE7PCD1BIcV/fs/0N9hg3a43l8VZiCte89hwvPVMbLKSi1iojwwomr7Tpiq+4sZZzW7tpi6ovSunkYjHUrd2PD6CGVgt9xGfq761lFUh7onKX1p5m0/m2LXU5jrysLVRtaufpFX92X/SpZ9axW/0C9GaCTbfsqeZBeo03/y1XOKmjg1a/MCaV/rRXkB1hymAgHVMJHVVK5 OSk4jg7ZBe2YwMhhRg45BJ6hwmMrhRGLQih2wg7mNUlXpT7NHDriWPU7l+Lo937FjELMQqRTPjCsccG3cVLYHdWR7xLtSbFfe1U6CJnMONnW/TXPwbS0rK+YW4WoarVfklqdTjeSaqepbnTyODYVCm9qqkKoLU58EM1z8weziYr0os1eqmHyn64f36oVLvcDqyT2q/+W776q5EmnmQfKD86pbrcG4jbKiUAp1oA6UMTCrXY2urK+84il0Cp1BZ1AP6kFvoDfQW+gt1If6UA7l0ABav8CgITSCogLt99D30BgaQxNoAhVQXMp2Ck2hd9A76D30HvoAfYA+Qh+hH6AfoD1or7i96bK jJPIE8bs+E+rHRqKzl5G9jDFWoCvQAXQAXYWuQtega9B16Dp0A7oB3YRuQregW9Bt6DZ0B7oD3YXuQvege9AhdAjdh+5DD6AH0EPoIXQExePcPoIeQY+hx9AT6An0FHoKHUPH0DPoGfQceg69gF7omiqa9o+UFjelZddKi69AUVp8AEVp8VUoSouvQVFafB2K0uIbUJQW34SitPgWFKXFt6EoLb4DRWnxXShKi+9BUVp8CEVp8X0oSosfQFFa/BCK0uIjKEqLH0FRWvwYitLiJ1CUFj+ForT4GIrS4mdQlBY/h6K0+AW0Kq0B8b1pTKKZR58vLbqMN69l8wxeAZrHPH3uTZ+uAlc NrgHNz0a6DjQPdroB3DC4CTTvHXQLuGVwG7htcAe4Y/C5Hx10D2h+rNAhcGhwH7hv8AB4YPAQeGhwBDQ/K+gR8MjgMfDY4AnwxOBzr8x0DBwbPAOeGTwHnhu8AF4YdIDqDWjyYqH6s3H3hzdOv3rTV9uHf1n4fkX/bfmTzuedP3UWO/3Ot53vO5udg85Jh3ZuOn/r/L3zj/l/zv97/j/z/y1TP/5I9/ljp/GZ/9//AQRQ7wY=</latexit><latexit sha1_base64="knBg9HW3VEuvgiYGPlRsyd2Ugkk=">AAAXOnicndjJbuTGGQfwtrM5yuJxAuhiwGhEM4AmkAfddjwGBjBgqbUvLam1tBZKjWKx2E2JRXLIopYpMM+Qa/IseZFccwtyzQOkSBbrT1KyD25gplm/76tiFflx admR7yWi1/vXRx//7Oe/+OWvPvn13G9++7vff/risz+cJmEaU3ZCQz+Mz2ySMN8L2InwhM/OopgRbvtsbN8O8vj4jsWJFwbH4jFiV5xMA8/1KBGKToeTve/6vcmLhd6b/te9t1/1u703veKjNr7pf/P227fdvpaFjv4cTD6b/8JyQppyFgjqkyS57PcicSVJLDzqs2xubs5KExYRekumTLokoI8zJ17qsihxvWn5vdQlPBEzXnxzImbFRvLI7WLDDQORLHWT1FY90pgtdYvVZo2RxSxmqhELQex8v7XYZRAS5yZN1LSoJ5ox6RTDN40Faj0xaafSkOfLVOgF1E8dJmeMOKw1EZ76 wovD+6ba3jQRcao6z1kBuxczFsaMS/2dyWO90YiqvkF47zNnyoodX+rAlVxuReZeNfr50zD21AGt9zDW3MWDFzbSinYjhaqiqmUM8mYzwSdefYxB0W6mhPkRy2uvngdsJzueeJKrrZ16w6hQRdHMrbCZrNbP4ta4xhqpDnO9oD2HVWAjmT0QHvn1GaxpaaWxmHpJM09TI9FnnJNM7hZfreXGoe+T+DFTi6w2GxlBKEhr2sOKGolRHKrrpH7aDrS006IwKRedZ5hGI0v9I/FtJkfldyOWhH7amtFRRc3EVK1XraeWp6VZsYlKjMoJLWP76RnJpGW73WdPRb54N4x5mWIWrq4ideKt cjVSWkHoBY66vLp5Vrm2d9YsUdc0k+qmqLpk+fWc93nPHPnSsn11ySbvUxKzl1kZULsKXQwlLcajWX4kQ/dd1s3qWcntk7yjWyborBsWk2z0YIGjh565nu938xlkegG1WDHZP0srz8n+midZ6iaZZ4jYu8sfK1YaJLde9NP63uVdv45EdRjWpJXfvxNXrlUTPdoajozmDROoe4236ukjc4R9afnMFTorllbsTWdVc7EMLurmax19rdu+XcYtWXW3dYZV7fayzLjUzSsdv9I37PzeTwJHnSBVduosqSeEnd/59eRsrsqleCqpa8HJ5JfFp7sShrd51Sjqaqr2N8vnNCPqRPvqGe2Q bGKbSNqKpDpCiVq2YA9CHZpBRqpNc+giqp5J0YReyxCU11OJi73XFY/kaGIxQapmkVRSM6/GIaZezKs5yerAVrHyeyIX885Lwow4KE8uJb5aQrWXPan2smeaPG/yqrmLHrv1ZY3UqmQvuzbVMsrq4UE7PCD1BIcV/fs/0N9hg3a43l8VZiCte89hwvPVMbLKSi1iojwwomr7Tpiq+4sZZzW7tpi6ovSunkYjHUrd2PD6CGVgt9xGfq761lFUh7onKX1p5m0/m2LXU5jrysLVRtaufpFX92X/SpZ9axW/0C9GaCTbfsqeZBeo03/y1XOKmjg1a/MCaV/rRXkB1hymAgHVMJHVVK5 OSk4jg7ZBe2YwMhhRg45BJ6hwmMrhRGLQih2wg7mNUlXpT7NHDriWPU7l+Lo937FjELMQqRTPjCsccG3cVLYHdWR7xLtSbFfe1U6CJnMONnW/TXPwbS0rK+YW4WoarVfklqdTjeSaqepbnTyODYVCm9qqkKoLU58EM1z8weziYr0os1eqmHyn64f36oVLvcDqyT2q/+W776q5EmnmQfKD86pbrcG4jbKiUAp1oA6UMTCrXY2urK+84il0Cp1BZ1AP6kFvoDfQW+gt1If6UA7l0ABav8CgITSCogLt99D30BgaQxNoAhVQXMp2Ck2hd9A76D30HvoAfYA+Qh+hH6AfoD1or7i96bK jJPIE8bs+E+rHRqKzl5G9jDFWoCvQAXQAXYWuQtega9B16Dp0A7oB3YRuQregW9Bt6DZ0B7oD3YXuQvege9AhdAjdh+5DD6AH0EPoIXQExePcPoIeQY+hx9AT6An0FHoKHUPH0DPoGfQceg69gF7omiqa9o+UFjelZddKi69AUVp8AEVp8VUoSouvQVFafB2K0uIbUJQW34SitPgWFKXFt6EoLb4DRWnxXShKi+9BUVp8CEVp8X0oSosfQFFa/BCK0uIjKEqLH0FRWvwYitLiJ1CUFj+ForT4GIrS4mdQlBY/h6K0+AW0Kq0B8b1pTKKZR58vLbqMN69l8wxeAZrHPH3uTZ+uAlc NrgHNz0a6DjQPdroB3DC4CTTvHXQLuGVwG7htcAe4Y/C5Hx10D2h+rNAhcGhwH7hv8AB4YPAQeGhwBDQ/K+gR8MjgMfDY4AnwxOBzr8x0DBwbPAOeGTwHnhu8AF4YdIDqDWjyYqH6s3H3hzdOv3rTV9uHf1n4fkX/bfmTzuedP3UWO/3Ot53vO5udg85Jh3ZuOn/r/L3zj/l/zv97/j/z/y1TP/5I9/ljp/GZ/9//AQRQ7wY=</latexit><latexit sha1_base64="knBg9HW3VEuvgiYGPlRsyd2Ugkk=">AAAXOnicndjJbuTGGQfwtrM5yuJxAuhiwGhEM4AmkAfddjwGBjBgqbUvLam1tBZKjWKx2E2JRXLIopYpMM+Qa/IseZFccwtyzQOkSBbrT1KyD25gplm/76tiFflx admR7yWi1/vXRx//7Oe/+OWvPvn13G9++7vff/risz+cJmEaU3ZCQz+Mz2ySMN8L2InwhM/OopgRbvtsbN8O8vj4jsWJFwbH4jFiV5xMA8/1KBGKToeTve/6vcmLhd6b/te9t1/1u703veKjNr7pf/P227fdvpaFjv4cTD6b/8JyQppyFgjqkyS57PcicSVJLDzqs2xubs5KExYRekumTLokoI8zJ17qsihxvWn5vdQlPBEzXnxzImbFRvLI7WLDDQORLHWT1FY90pgtdYvVZo2RxSxmqhELQex8v7XYZRAS5yZN1LSoJ5ox6RTDN40Faj0xaafSkOfLVOgF1E8dJmeMOKw1EZ76 wovD+6ba3jQRcao6z1kBuxczFsaMS/2dyWO90YiqvkF47zNnyoodX+rAlVxuReZeNfr50zD21AGt9zDW3MWDFzbSinYjhaqiqmUM8mYzwSdefYxB0W6mhPkRy2uvngdsJzueeJKrrZ16w6hQRdHMrbCZrNbP4ta4xhqpDnO9oD2HVWAjmT0QHvn1GaxpaaWxmHpJM09TI9FnnJNM7hZfreXGoe+T+DFTi6w2GxlBKEhr2sOKGolRHKrrpH7aDrS006IwKRedZ5hGI0v9I/FtJkfldyOWhH7amtFRRc3EVK1XraeWp6VZsYlKjMoJLWP76RnJpGW73WdPRb54N4x5mWIWrq4ideKt cjVSWkHoBY66vLp5Vrm2d9YsUdc0k+qmqLpk+fWc93nPHPnSsn11ySbvUxKzl1kZULsKXQwlLcajWX4kQ/dd1s3qWcntk7yjWyborBsWk2z0YIGjh565nu938xlkegG1WDHZP0srz8n+midZ6iaZZ4jYu8sfK1YaJLde9NP63uVdv45EdRjWpJXfvxNXrlUTPdoajozmDROoe4236ukjc4R9afnMFTorllbsTWdVc7EMLurmax19rdu+XcYtWXW3dYZV7fayzLjUzSsdv9I37PzeTwJHnSBVduosqSeEnd/59eRsrsqleCqpa8HJ5JfFp7sShrd51Sjqaqr2N8vnNCPqRPvqGe2Q bGKbSNqKpDpCiVq2YA9CHZpBRqpNc+giqp5J0YReyxCU11OJi73XFY/kaGIxQapmkVRSM6/GIaZezKs5yerAVrHyeyIX885Lwow4KE8uJb5aQrWXPan2smeaPG/yqrmLHrv1ZY3UqmQvuzbVMsrq4UE7PCD1BIcV/fs/0N9hg3a43l8VZiCte89hwvPVMbLKSi1iojwwomr7Tpiq+4sZZzW7tpi6ovSunkYjHUrd2PD6CGVgt9xGfq761lFUh7onKX1p5m0/m2LXU5jrysLVRtaufpFX92X/SpZ9axW/0C9GaCTbfsqeZBeo03/y1XOKmjg1a/MCaV/rRXkB1hymAgHVMJHVVK5 OSk4jg7ZBe2YwMhhRg45BJ6hwmMrhRGLQih2wg7mNUlXpT7NHDriWPU7l+Lo937FjELMQqRTPjCsccG3cVLYHdWR7xLtSbFfe1U6CJnMONnW/TXPwbS0rK+YW4WoarVfklqdTjeSaqepbnTyODYVCm9qqkKoLU58EM1z8weziYr0os1eqmHyn64f36oVLvcDqyT2q/+W776q5EmnmQfKD86pbrcG4jbKiUAp1oA6UMTCrXY2urK+84il0Cp1BZ1AP6kFvoDfQW+gt1If6UA7l0ABav8CgITSCogLt99D30BgaQxNoAhVQXMp2Ck2hd9A76D30HvoAfYA+Qh+hH6AfoD1or7i96bK jJPIE8bs+E+rHRqKzl5G9jDFWoCvQAXQAXYWuQtega9B16Dp0A7oB3YRuQregW9Bt6DZ0B7oD3YXuQvege9AhdAjdh+5DD6AH0EPoIXQExePcPoIeQY+hx9AT6An0FHoKHUPH0DPoGfQceg69gF7omiqa9o+UFjelZddKi69AUVp8AEVp8VUoSouvQVFafB2K0uIbUJQW34SitPgWFKXFt6EoLb4DRWnxXShKi+9BUVp8CEVp8X0oSosfQFFa/BCK0uIjKEqLH0FRWvwYitLiJ1CUFj+ForT4GIrS4mdQlBY/h6K0+AW0Kq0B8b1pTKKZR58vLbqMN69l8wxeAZrHPH3uTZ+uAlc NrgHNz0a6DjQPdroB3DC4CTTvHXQLuGVwG7htcAe4Y/C5Hx10D2h+rNAhcGhwH7hv8AB4YPAQeGhwBDQ/K+gR8MjgMfDY4AnwxOBzr8x0DBwbPAOeGTwHnhu8AF4YdIDqDWjyYqH6s3H3hzdOv3rTV9uHf1n4fkX/bfmTzuedP3UWO/3Ot53vO5udg85Jh3ZuOn/r/L3zj/l/zv97/j/z/y1TP/5I9/ljp/GZ/9//AQRQ7wY=</latexit>
w.o. malfunction
(b) With/without malfunction.
Fig. 23. Average learning completion latency with the optimum block
generation rate λ∗.
and block propagation delays, which is approximated as
λ∗ ≈ 2
(
Tbp
[
1 +
√
1 + 4NM (1 + Twait/Tbp)
])−1
, (38)
where NM is the number of devices, Tbp is the longest
propagation delay of the legitimate block, and Twait is the
maximum waiting time before starting the PoW process.
Fig. 23(a) plots the E2E latency of BlockFL with λ∗
until the local model parameters converge, which involves
all delays incurred by FL and blockchain operations. The
simulation parameters follow the 3GPP LTE Cat. M1 spec-
ification [213] with NM = 10. As the received signal-
to-noise ratio (SNR) decreases from 10 dB to 8 dB, both
uplink/downlink MSI delays and block propagation delays
increase, and we therefore observe the increased E2E la-
tency. Compared to the simulated optimum, the E2E latency
with (6.3) shows only up to only 1.5% difference.
Fig. 23(b) demonstrates the scalability and robustness of
BlockFL. Without any malfunction, a larger NM increases
the latency due to the increase in their cross-verification and
block propagation delays. This does not always hold under
the miners’ malfunctions, which are captured by adding
a Gaussian noise N (−0.1, 0.01) to each miner’s aggregate
MSIs with probability 0.5. In BlockFL, global MSI is locally
calculated at each device, and each miner’s malfunction
thus only distorts its associated device’s MSI. Such dis-
tortion can be restored by federating with other devices
that associate with the miners operating normally. For this
reason, a larger NM may achieve even shorter latency, as
observed for NM = 10 with malfunctions.
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Fig. 24. Operational structure of federated augmentation (FAug).
6.4 Federated Augmentation Rectifying Non-IID Data
The non-IID training dataset of on-device ML can be cor-
rected by obtaining the missing local data samples at each
device from the other devices [179]. Such a sample exchange
may however induce significant communication overhead,
especially with a large number of devices, and may violate
the privacy requirement of data samples. Instead, federated
training and exchanging a generative model can rectify the
non-IID dataset by enabling each device to locally augment
the missing data samples, while abiding by a target privacy
requirement. This method and its scalability are demon-
strated by federated augmentation (FAug) in our previous
study [180].
The procedure of FAug is illustrated in Fig. 24, described
as follows. At first, each device recognizes the labels being
lacking in data samples, referred to as target labels, and
uploads a few samples of these target labels, referred to
as seed samples, to the helper over wireless links. Then,
the generative model, a part of a conditional GAN [214],
is trained at a helper with high computing power and a
fast connection to the Internet. GAN training commonly
requires a large number of training samples. With this end,
the helper oversamples the uploaded seed samples, e.g., via
Google’s image search for visual data, and thereby train the
GAN. Finally, downloading the trained GAN’s generator
empowers each device to replenish the target labels until
reaching an IID training dataset.
The operation of FAug needs to guarantee privacy of the
user-generated data. In fact, each device’s data generation
bias, i.e., target labels, may easily reveal its privacy sensitive
information, e.g., patients’ medical checkup items revealing
the diagnosis result. To keep these target labels private from
the helper, the device additionally uploads redundant data
samples from the labels other than the target labels. The
privacy leakage from each device to the helper, denoted as
device-helper privacy leakage (PL), is thereby reduced at the
cost of extra uplink communication overhead. At the i-th
device, its device-helper PL is measured as |L(i)t |/(|L(i)t | +
|L(i)r |), where |L(i)t | and |L(i)r | denote the numbers of target
and redundant labels, respectively.
The target label information of a device can also be
leaked to the other devices since they share a collectively
trained generator. Indeed, a device can infer the others’
target labels by identifying the generable labels of its down-
loaded generator. This privacy leakage is quantified by inter-
TABLE 2
Test accuracy and communication cost of FAug (single target label, no
redundant label).
Methods
Accuracy w.r.t. the number of devices Communication cost
2 4 6 8 10 logits model param. samples
FD + FAug 0.8464 0.8526 0.8498 0.8480 0.8642 3,200 1,493,520 5
FD (non-IID) 0.7250 0.7428 0.6951 0.7891 0.7524 3,200 - -
FL + FAug 0.9110 0.8654 0.8974 0.9247 0.9259 - 39,882,256 5
FL (non-IID) 0.9032 0.8982 0.8738 0.9171 0.9060 - 38,388,736 -
device PL. Provided that the GAN is always perfectly trained
for all target and redundant labels, the inter-device PL of the
i-th device is defined as |L(i)t |/
⋃M
j=1(|L(j)t | + |L(j)r |). Note
that the inter-device PL is minimized when its denominator
equals to the maximum value, i.e., the number of the entire
labels. This minimum leakage can be achieved so long as
the number of devices is sufficiently large, regardless of the
sizes of the target and redundant labels.
Table 2 provides the test accuracy and communication
cost of FD and FL, with or without FAug. For FD, the
communication cost is defined as the number of exchanged
logits, whereas the cost for FL is given as the number of
exchanged model parameters. With FAug, the communica-
tion cost comprises the number of uploading data samples
and the number of downloading model parameters of the
trained generator. We observe that FAug is effective for both
FL and FD, improving the test accuracy by 0.8-2.7% for FL
and by 7-22% for FD. Such a gap between the improvements
implies that FD is more vulnerable to the non-IID dataset
than FL. In FD, even if a device obtains the full teacher’s
knowledge across all labels, the distillation operation cannot
be performed when the device has no local training sample
in target labels, which is undesirable.
Overall, we observe that FL achieves the highest test
accuracy, while consuming significant communication cost
due to exchanging a large number of model parameters.
In combination with FAug, FD can cope with the non-IID
dataset, and achieve 92-97% accuracy of FL, In this case, the
aggregate communication cost of FD and FAug is up to 25.6x
smaller than FL, highlighting the communication-efficiency
of FD.
Fig. 25(a) shows that increasing the number of devices
makes the target label uploaders anonymous, thereby re-
ducing the inter-device PL while preserving the test accu-
racy. More redundant labels allows the uploaders to hide
their target labels, which also decreases the inter-device PL.
Likewise, the device-helper PL decreases with the number
of redundant labels, as shown by Fig. 25(b). Alternatively,
multi-hop communication from each device to the server is
also effective in hiding target label privacy in the crowds of
preceding hops’ devices. Its impact on FAug is elaborated
in [215].
6.5 Field-of-View Prediction for Multicast VR Streaming
Gated recurrent units (GRUs), a gating mechanism in RNNs,
are commonly used for modeling speech signals and mu-
sics. Their pattern recognition capability can be utilized for
predictions that allow proactive control for latency sensi-
tive applications. In this aspect, proactive content quality
adaptation for multi-user 360◦ VR video streaming based
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Fig. 25. Test accuracy and privacy leakage (PL) under a non-
IID MNIST dataset: (a) accuracy and inter-device PL; and (b)
device-server PL w.r.t. the number of redundant labels.
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Fig. 26. Operational structure of the 360◦ VR video streaming via
mmWave multicast (blue) and unicst (yellow) transmissions.
on field-of-view (FoV) prediction using GRUs is studied in
[216].
The scenario is a VR theater consisting of a network of
VR users watching different HD 360◦ VR videos streamed
over a set of distributed small cell base stations (SBSs).
SBSs operate in the mmWave band and are multi-beam
beamforming capable to improve multicast transmission of
shared video content to groups of users. For user grouping,
upcoming tiled FoV predictions obtained via a deep neural
network architecture based on GRUs are utilized. By opti-
mizing video frame admission and user scheduling, the goal
is to provide highly reliable broadband service for VR users
that deliver HD videos with low latency.
Fig. 27 evaluates the impact of the video quality cor-
responding to the delivered frame rates. Therein, the pro-
posed FoV prediction based scheme is compared with two
benchmark methods: Baseline 1 and Baseline 2 that schedule
video chunk requests in real time over mmWave unicast
and multicast transmissions, respectively. Figs. 27(a) and
(b) show that the FoV based predictions allow the pro-
posed proactive scheduler to decrease both average and
99th percentile delays over the baseline methods. While both
baseline schemes reduce the HD delivery rates for increased
offered data rates as shown in Fig. 27(c), the proposed
approach maintains about 100% success HD delivery rate
by predicting video frames in advance.
As the predictions become accurate, the need of retrans-
missions reduces and a surplus of wireless resources can be
smartly reused to feed back prediction event errors.
6.6 Actor-Critic RL for Optimizing Age of Information
Age of information (AoI) is a measure of the freshness of
data to characterize the end-to-end communication latency.
While minimizing AoI enables URLLC, the performance
highly depends on the availability of the system state
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<latexit sha1_base64="K+qQagttuVOidZ6nGLrBTY7W248=">AAAXOnicndjJbuPIGQdwzWSbOMv0zAC+B AiEuBtwB56GlJlggAYCjC153+VFXmgLxWJRosUi2WTRSxeYZ8g1eZa8SK65BbnmAVIki/UnaSeHEdAt1u/7qlhFflxkO/K9RPR6//jk0x/9+Cc//dlnP1/4xS9/9evPX33x5XkSpjFlZzT0w/jCJgnzvYCdCU/47CKKGeG2z 8b2fJDHx/csTrwwOBVPEbvhZBp4rkeJUHRuCZJO+pNXS713veLTfb7R1xtLHf05mnyx+FvLCWnKWSCoT5Lkut+LxI0ksfCoz7KFhQUrTVhE6JxMmXRJQJ9mTrzSZVHietPye6VLeCJmvPjmRMyKjeSJ28WGGwYiWekmqa16p DFb6RarzRoji1nMVCMWgtj5fmux6yAkzl2aqGlRTzRj0imGbxoL1Hpi0k6lIc+XqdALqJ86TM4YcVhrIjz1hReHD021vWki4lR1XrAC9iBmLIwZl/o7k6d6oxFVfYPwwWfOlBU7vtaBG7naiiy8afTzp2HsqQNa72GsuYtHL2 ykFe1GClVFVcsY5M1mgk+8+hiDot1MCfMjltdePQ/YTnY88SxXWzv1jlGhiqKZW2EzWa2fxa1xjTVSHeZ6QXsOQ2AjmT0SHvn1GaxraaWxmHpJM09TI9FnnJNM7hVfreXGoe+T+ClTi6w2GxlBKEhr2gcVNRKjOFTXSf20HW lpp0VhUi46zzCNRpb6R+J5JkfldyOWhH7amtFJRc3EVK1XraeWp6VZsYlKjMoJrWL7+RnJpGW73RdPRb54N4x5mWIWrq4ideKtcjVSWkHoBY66vLp5Vrm299YsUdc0k713f1Rdsvx6zvt8YI58bdm+umSTDymJ2eusDKhdhS6 Gkhbj0Sw/kqH7Putm9axk/izvZM4EnXXDYpKNHixw9NAz1/P9bj6DTC+gFism+3tp5TnZn/MkS90k8wwRe/f5Y8VKg2TuRT+s733e9ZtIVIdhXVr5/Ttx5Xo10ZPtg5HRvGECda/xdj19ZI6wLy2fuUJnxdKKvemsai6XwWX dfKujb3Xbt8u4Javuts6wqt1elxnXunmj4zf6hp3f+0ngqBOkyk6dJfWEsPM7v56czVW5FE8ldS04mfy6+HTXwnCeV42irqZqf7N8TjOiTrSvntEOySa2iaStSKojlKhlC/Yo1KEZZKTaNIcuouqZFE3orQxBeT2VuNx7W/F IjiYWE6RqFkklNfNqHGLqxbyak6wObBUrvydyOe+8IsyIg/LkUuKrJVR72ZdqL/umyfMmr5p76LFXX9ZIrUr2sltTLaOsHh60wwNST3BY0b//P/o7bNAO1/urwgyk9eA5THi+OkZWWalFTJQHRlRt3wlTdX8x4wyzW4upK0rv 6nk00qHUjQ1vjFAGdstt5Oeqbx1Fdah7ktLXZt72iyl2PYW5rixcbWTt6hd5dV/3b2TZt1bxS/1ihEay7afsWXaBOv0HXz3nqIlzszYvkPatXpQXYM1hKhBQDRMZpnI4KTmNDNoG7ZnByGBEDToGnaDCg1QeTCQGrdgBO5jb KFWV/jx75IBr2eNUjm/b8x07BjELkUrxwrjCAdfGTWV7UEe2R7wvxXblfe0kaDLnYEv32zIH39aytmZuEa6m0UZFbnk61Uiumaq+1cnT2FAotKmtCqm6MPVJMMPFH80urjaKMnujisl3un74oF641AusntyT+l++/1M1VyLN PEh+cN50qzUYt1FWFEqhDtSBMgZmtavRlfWVVzyFTqEz6AzqQT3oHfQOOofOoT7Uh3IohwbQ+gUGDaERFBVof4B+gMbQGJpAE6iA4lK2U2gKvYfeQx+gD9BH6CP0CfoE/Qj9CO1Be8XtTZcdJZEniN/1mVA/NhKdvYrsVYyxB l2DDqAD6BA6hK5D16Eb0A3oJnQTugXdgm5Dt6E70B3oLnQXugfdg+5D96EH0APoIfQQegQ9gh5Dj6EjKB7n9gn0BHoKPYWeQc+g59Bz6Bg6hl5AL6CX0EvoFfRK11TRtP9PaXFTWnattPgaFKXFB1CUFh9CUVp8HYrS4htQl BbfhKK0+BYUpcW3oSgtvgNFafFdKEqL70FRWnwfitLiB1CUFj+EorT4ERSlxY+hKC0+gqK0+AkUpcVPoSgtfgZFafFzKEqLj6EoLX4BRWnxSyhKi19Bq9IaEN+bxiSaefTl0qKrePNaNc/gNaB5zNOX3vTpEDg0uA40PxvpB tA82OkmcNPgFtC8d9Bt4LbBHeCOwV3grsGXfnTQfaD5sUIPgAcGD4GHBo+ARwaPgccGR0Dzs4KeAE8MngJPDZ4Bzwy+9MpMx8CxwQvghcFL4KXBK+CVQQeo3oAmr5b67b8fP984/8O7vto+/nbp+2/135Y/6/ym87vOcqff+a 7zfWerc9Q569DOXecvnb92/rb498V/Lv5r8d9l6qef6D5fdRqfxf/8F0We72s=</latexit><latexit sha1_base64="K+qQagttuVOidZ6nGLrBTY7W248=">AAAXOnicndjJbuPIGQdwzWSbOMv0zAC+B AiEuBtwB56GlJlggAYCjC153+VFXmgLxWJRosUi2WTRSxeYZ8g1eZa8SK65BbnmAVIki/UnaSeHEdAt1u/7qlhFflxkO/K9RPR6//jk0x/9+Cc//dlnP1/4xS9/9evPX33x5XkSpjFlZzT0w/jCJgnzvYCdCU/47CKKGeG2z 8b2fJDHx/csTrwwOBVPEbvhZBp4rkeJUHRuCZJO+pNXS713veLTfb7R1xtLHf05mnyx+FvLCWnKWSCoT5Lkut+LxI0ksfCoz7KFhQUrTVhE6JxMmXRJQJ9mTrzSZVHietPye6VLeCJmvPjmRMyKjeSJ28WGGwYiWekmqa16p DFb6RarzRoji1nMVCMWgtj5fmux6yAkzl2aqGlRTzRj0imGbxoL1Hpi0k6lIc+XqdALqJ86TM4YcVhrIjz1hReHD021vWki4lR1XrAC9iBmLIwZl/o7k6d6oxFVfYPwwWfOlBU7vtaBG7naiiy8afTzp2HsqQNa72GsuYtHL2 ykFe1GClVFVcsY5M1mgk+8+hiDot1MCfMjltdePQ/YTnY88SxXWzv1jlGhiqKZW2EzWa2fxa1xjTVSHeZ6QXsOQ2AjmT0SHvn1GaxraaWxmHpJM09TI9FnnJNM7hVfreXGoe+T+ClTi6w2GxlBKEhr2gcVNRKjOFTXSf20HW lpp0VhUi46zzCNRpb6R+J5JkfldyOWhH7amtFJRc3EVK1XraeWp6VZsYlKjMoJrWL7+RnJpGW73RdPRb54N4x5mWIWrq4ideKtcjVSWkHoBY66vLp5Vrm299YsUdc0k713f1Rdsvx6zvt8YI58bdm+umSTDymJ2eusDKhdhS6 Gkhbj0Sw/kqH7Putm9axk/izvZM4EnXXDYpKNHixw9NAz1/P9bj6DTC+gFism+3tp5TnZn/MkS90k8wwRe/f5Y8VKg2TuRT+s733e9ZtIVIdhXVr5/Ttx5Xo10ZPtg5HRvGECda/xdj19ZI6wLy2fuUJnxdKKvemsai6XwWX dfKujb3Xbt8u4Javuts6wqt1elxnXunmj4zf6hp3f+0ngqBOkyk6dJfWEsPM7v56czVW5FE8ldS04mfy6+HTXwnCeV42irqZqf7N8TjOiTrSvntEOySa2iaStSKojlKhlC/Yo1KEZZKTaNIcuouqZFE3orQxBeT2VuNx7W/F IjiYWE6RqFkklNfNqHGLqxbyak6wObBUrvydyOe+8IsyIg/LkUuKrJVR72ZdqL/umyfMmr5p76LFXX9ZIrUr2sltTLaOsHh60wwNST3BY0b//P/o7bNAO1/urwgyk9eA5THi+OkZWWalFTJQHRlRt3wlTdX8x4wyzW4upK0rv 6nk00qHUjQ1vjFAGdstt5Oeqbx1Fdah7ktLXZt72iyl2PYW5rixcbWTt6hd5dV/3b2TZt1bxS/1ihEay7afsWXaBOv0HXz3nqIlzszYvkPatXpQXYM1hKhBQDRMZpnI4KTmNDNoG7ZnByGBEDToGnaDCg1QeTCQGrdgBO5jb KFWV/jx75IBr2eNUjm/b8x07BjELkUrxwrjCAdfGTWV7UEe2R7wvxXblfe0kaDLnYEv32zIH39aytmZuEa6m0UZFbnk61Uiumaq+1cnT2FAotKmtCqm6MPVJMMPFH80urjaKMnujisl3un74oF641AusntyT+l++/1M1VyLN PEh+cN50qzUYt1FWFEqhDtSBMgZmtavRlfWVVzyFTqEz6AzqQT3oHfQOOofOoT7Uh3IohwbQ+gUGDaERFBVof4B+gMbQGJpAE6iA4lK2U2gKvYfeQx+gD9BH6CP0CfoE/Qj9CO1Be8XtTZcdJZEniN/1mVA/NhKdvYrsVYyxB l2DDqAD6BA6hK5D16Eb0A3oJnQTugXdgm5Dt6E70B3oLnQXugfdg+5D96EH0APoIfQQegQ9gh5Dj6EjKB7n9gn0BHoKPYWeQc+g59Bz6Bg6hl5AL6CX0EvoFfRK11TRtP9PaXFTWnattPgaFKXFB1CUFh9CUVp8HYrS4htQl BbfhKK0+BYUpcW3oSgtvgNFafFdKEqL70FRWnwfitLiB1CUFj+EorT4ERSlxY+hKC0+gqK0+AkUpcVPoSgtfgZFafFzKEqLj6EoLX4BRWnxSyhKi19Bq9IaEN+bxiSaefTl0qKrePNaNc/gNaB5zNOX3vTpEDg0uA40PxvpB tA82OkmcNPgFtC8d9Bt4LbBHeCOwV3grsGXfnTQfaD5sUIPgAcGD4GHBo+ARwaPgccGR0Dzs4KeAE8MngJPDZ4Bzwy+9MpMx8CxwQvghcFL4KXBK+CVQQeo3oAmr5b67b8fP984/8O7vto+/nbp+2/135Y/6/ym87vOcqff+a 7zfWerc9Q569DOXecvnb92/rb498V/Lv5r8d9l6qef6D5fdRqfxf/8F0We72s=</latexit><latexit sha1_base64="K+qQagttuVOidZ6nGLrBTY7W248=">AAAXOnicndjJbuPIGQdwzWSbOMv0zAC+B AiEuBtwB56GlJlggAYCjC153+VFXmgLxWJRosUi2WTRSxeYZ8g1eZa8SK65BbnmAVIki/UnaSeHEdAt1u/7qlhFflxkO/K9RPR6//jk0x/9+Cc//dlnP1/4xS9/9evPX33x5XkSpjFlZzT0w/jCJgnzvYCdCU/47CKKGeG2z 8b2fJDHx/csTrwwOBVPEbvhZBp4rkeJUHRuCZJO+pNXS713veLTfb7R1xtLHf05mnyx+FvLCWnKWSCoT5Lkut+LxI0ksfCoz7KFhQUrTVhE6JxMmXRJQJ9mTrzSZVHietPye6VLeCJmvPjmRMyKjeSJ28WGGwYiWekmqa16p DFb6RarzRoji1nMVCMWgtj5fmux6yAkzl2aqGlRTzRj0imGbxoL1Hpi0k6lIc+XqdALqJ86TM4YcVhrIjz1hReHD021vWki4lR1XrAC9iBmLIwZl/o7k6d6oxFVfYPwwWfOlBU7vtaBG7naiiy8afTzp2HsqQNa72GsuYtHL2 ykFe1GClVFVcsY5M1mgk+8+hiDot1MCfMjltdePQ/YTnY88SxXWzv1jlGhiqKZW2EzWa2fxa1xjTVSHeZ6QXsOQ2AjmT0SHvn1GaxraaWxmHpJM09TI9FnnJNM7hVfreXGoe+T+ClTi6w2GxlBKEhr2gcVNRKjOFTXSf20HW lpp0VhUi46zzCNRpb6R+J5JkfldyOWhH7amtFJRc3EVK1XraeWp6VZsYlKjMoJrWL7+RnJpGW73RdPRb54N4x5mWIWrq4ideKtcjVSWkHoBY66vLp5Vrm299YsUdc0k713f1Rdsvx6zvt8YI58bdm+umSTDymJ2eusDKhdhS6 Gkhbj0Sw/kqH7Putm9axk/izvZM4EnXXDYpKNHixw9NAz1/P9bj6DTC+gFism+3tp5TnZn/MkS90k8wwRe/f5Y8VKg2TuRT+s733e9ZtIVIdhXVr5/Ttx5Xo10ZPtg5HRvGECda/xdj19ZI6wLy2fuUJnxdKKvemsai6XwWX dfKujb3Xbt8u4Javuts6wqt1elxnXunmj4zf6hp3f+0ngqBOkyk6dJfWEsPM7v56czVW5FE8ldS04mfy6+HTXwnCeV42irqZqf7N8TjOiTrSvntEOySa2iaStSKojlKhlC/Yo1KEZZKTaNIcuouqZFE3orQxBeT2VuNx7W/F IjiYWE6RqFkklNfNqHGLqxbyak6wObBUrvydyOe+8IsyIg/LkUuKrJVR72ZdqL/umyfMmr5p76LFXX9ZIrUr2sltTLaOsHh60wwNST3BY0b//P/o7bNAO1/urwgyk9eA5THi+OkZWWalFTJQHRlRt3wlTdX8x4wyzW4upK0rv 6nk00qHUjQ1vjFAGdstt5Oeqbx1Fdah7ktLXZt72iyl2PYW5rixcbWTt6hd5dV/3b2TZt1bxS/1ihEay7afsWXaBOv0HXz3nqIlzszYvkPatXpQXYM1hKhBQDRMZpnI4KTmNDNoG7ZnByGBEDToGnaDCg1QeTCQGrdgBO5jb KFWV/jx75IBr2eNUjm/b8x07BjELkUrxwrjCAdfGTWV7UEe2R7wvxXblfe0kaDLnYEv32zIH39aytmZuEa6m0UZFbnk61Uiumaq+1cnT2FAotKmtCqm6MPVJMMPFH80urjaKMnujisl3un74oF641AusntyT+l++/1M1VyLN PEh+cN50qzUYt1FWFEqhDtSBMgZmtavRlfWVVzyFTqEz6AzqQT3oHfQOOofOoT7Uh3IohwbQ+gUGDaERFBVof4B+gMbQGJpAE6iA4lK2U2gKvYfeQx+gD9BH6CP0CfoE/Qj9CO1Be8XtTZcdJZEniN/1mVA/NhKdvYrsVYyxB l2DDqAD6BA6hK5D16Eb0A3oJnQTugXdgm5Dt6E70B3oLnQXugfdg+5D96EH0APoIfQQegQ9gh5Dj6EjKB7n9gn0BHoKPYWeQc+g59Bz6Bg6hl5AL6CX0EvoFfRK11TRtP9PaXFTWnattPgaFKXFB1CUFh9CUVp8HYrS4htQl BbfhKK0+BYUpcW3oSgtvgNFafFdKEqL70FRWnwfitLiB1CUFj+EorT4ERSlxY+hKC0+gqK0+AkUpcVPoSgtfgZFafFzKEqLj6EoLX4BRWnxSyhKi19Bq9IaEN+bxiSaefTl0qKrePNaNc/gNaB5zNOX3vTpEDg0uA40PxvpB tA82OkmcNPgFtC8d9Bt4LbBHeCOwV3grsGXfnTQfaD5sUIPgAcGD4GHBo+ARwaPgccGR0Dzs4KeAE8MngJPDZ4Bzwy+9MpMx8CxwQvghcFL4KXBK+CVQQeo3oAmr5b67b8fP984/8O7vto+/nbp+2/135Y/6/ym87vOcqff+a 7zfWerc9Q569DOXecvnb92/rb498V/Lv5r8d9l6qef6D5fdRqfxf/8F0We72s=</latexit><latexit sha1_base64="K+qQagttuVOidZ6nGLrBTY7W248=">AAAXOnicndjJbuPIGQdwzWSbOMv0zAC+B AiEuBtwB56GlJlggAYCjC153+VFXmgLxWJRosUi2WTRSxeYZ8g1eZa8SK65BbnmAVIki/UnaSeHEdAt1u/7qlhFflxkO/K9RPR6//jk0x/9+Cc//dlnP1/4xS9/9evPX33x5XkSpjFlZzT0w/jCJgnzvYCdCU/47CKKGeG2z 8b2fJDHx/csTrwwOBVPEbvhZBp4rkeJUHRuCZJO+pNXS713veLTfb7R1xtLHf05mnyx+FvLCWnKWSCoT5Lkut+LxI0ksfCoz7KFhQUrTVhE6JxMmXRJQJ9mTrzSZVHietPye6VLeCJmvPjmRMyKjeSJ28WGGwYiWekmqa16p DFb6RarzRoji1nMVCMWgtj5fmux6yAkzl2aqGlRTzRj0imGbxoL1Hpi0k6lIc+XqdALqJ86TM4YcVhrIjz1hReHD021vWki4lR1XrAC9iBmLIwZl/o7k6d6oxFVfYPwwWfOlBU7vtaBG7naiiy8afTzp2HsqQNa72GsuYtHL2 ykFe1GClVFVcsY5M1mgk+8+hiDot1MCfMjltdePQ/YTnY88SxXWzv1jlGhiqKZW2EzWa2fxa1xjTVSHeZ6QXsOQ2AjmT0SHvn1GaxraaWxmHpJM09TI9FnnJNM7hVfreXGoe+T+ClTi6w2GxlBKEhr2gcVNRKjOFTXSf20HW lpp0VhUi46zzCNRpb6R+J5JkfldyOWhH7amtFJRc3EVK1XraeWp6VZsYlKjMoJrWL7+RnJpGW73RdPRb54N4x5mWIWrq4ideKtcjVSWkHoBY66vLp5Vrm299YsUdc0k713f1Rdsvx6zvt8YI58bdm+umSTDymJ2eusDKhdhS6 Gkhbj0Sw/kqH7Putm9axk/izvZM4EnXXDYpKNHixw9NAz1/P9bj6DTC+gFism+3tp5TnZn/MkS90k8wwRe/f5Y8VKg2TuRT+s733e9ZtIVIdhXVr5/Ttx5Xo10ZPtg5HRvGECda/xdj19ZI6wLy2fuUJnxdKKvemsai6XwWX dfKujb3Xbt8u4Javuts6wqt1elxnXunmj4zf6hp3f+0ngqBOkyk6dJfWEsPM7v56czVW5FE8ldS04mfy6+HTXwnCeV42irqZqf7N8TjOiTrSvntEOySa2iaStSKojlKhlC/Yo1KEZZKTaNIcuouqZFE3orQxBeT2VuNx7W/F IjiYWE6RqFkklNfNqHGLqxbyak6wObBUrvydyOe+8IsyIg/LkUuKrJVR72ZdqL/umyfMmr5p76LFXX9ZIrUr2sltTLaOsHh60wwNST3BY0b//P/o7bNAO1/urwgyk9eA5THi+OkZWWalFTJQHRlRt3wlTdX8x4wyzW4upK0rv 6nk00qHUjQ1vjFAGdstt5Oeqbx1Fdah7ktLXZt72iyl2PYW5rixcbWTt6hd5dV/3b2TZt1bxS/1ihEay7afsWXaBOv0HXz3nqIlzszYvkPatXpQXYM1hKhBQDRMZpnI4KTmNDNoG7ZnByGBEDToGnaDCg1QeTCQGrdgBO5jb KFWV/jx75IBr2eNUjm/b8x07BjELkUrxwrjCAdfGTWV7UEe2R7wvxXblfe0kaDLnYEv32zIH39aytmZuEa6m0UZFbnk61Uiumaq+1cnT2FAotKmtCqm6MPVJMMPFH80urjaKMnujisl3un74oF641AusntyT+l++/1M1VyLN PEh+cN50qzUYt1FWFEqhDtSBMgZmtavRlfWVVzyFTqEz6AzqQT3oHfQOOofOoT7Uh3IohwbQ+gUGDaERFBVof4B+gMbQGJpAE6iA4lK2U2gKvYfeQx+gD9BH6CP0CfoE/Qj9CO1Be8XtTZcdJZEniN/1mVA/NhKdvYrsVYyxB l2DDqAD6BA6hK5D16Eb0A3oJnQTugXdgm5Dt6E70B3oLnQXugfdg+5D96EH0APoIfQQegQ9gh5Dj6EjKB7n9gn0BHoKPYWeQc+g59Bz6Bg6hl5AL6CX0EvoFfRK11TRtP9PaXFTWnattPgaFKXFB1CUFh9CUVp8HYrS4htQl BbfhKK0+BYUpcW3oSgtvgNFafFdKEqL70FRWnwfitLiB1CUFj+EorT4ERSlxY+hKC0+gqK0+AkUpcVPoSgtfgZFafFzKEqLj6EoLX4BRWnxSyhKi19Bq9IaEN+bxiSaefTl0qKrePNaNc/gNaB5zNOX3vTpEDg0uA40PxvpB tA82OkmcNPgFtC8d9Bt4LbBHeCOwV3grsGXfnTQfaD5sUIPgAcGD4GHBo+ARwaPgccGR0Dzs4KeAE8MngJPDZ4Bzwy+9MpMx8CxwQvghcFL4KXBK+CVQQeo3oAmr5b67b8fP984/8O7vto+/nbp+2/135Y/6/ym87vOcqff+a 7zfWerc9Q569DOXecvnb92/rb498V/Lv5r8d9l6qef6D5fdRqfxf/8F0We72s=</latexit>
time
⌧3
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Fig. 28. Operational structure of the actor-critic RL for optimizing the age
of information (AoI).
knowledge such as physical resources, channel conditions,
packet drops, sampling, etc. As a remedy, RL can be adopted
to explore and learn the system state dynamics and improve
the process of decision making over time. In this regard,
minimizing AoI of remote sensors with the aid of a RL-
based scheduler is presented in [217].
As illustrated in Fig. 28, the scenario is focused on a set
of sensors in a factory randomly generating data packets
and remotely monitored. To ensure high reliability and low
latency of the received sensor data at the remote monitor, the
controller schedules sensors to report their data. Due to the
lack of knowledge of the conditions of the communication
links, packet generation at the sensors and losses during
communication, the monitoring unit resorts to a RL-based
scheduler. Here, the states observed at the remote moni-
toring unit are the AoI of each sensor (τi), previous data
rates, and the time spent to download the last data packet.
Based on that, RL scheduler builds a probability distribution
over the sensors that is used for scheduling the sensors. A
cost for each action is defined in terms of the average AoI
over the sensors and aggregated penalties when sensors’
AoI exceed their predefined thresholds. The RL-scheduler
is trained using asynchronous advantage actor-critic (A3C)
algorithm [218] in an offline manner. In A3C, several copies
of the actor agent are trained in parallel (asynchronous) to
improve the efficiency using discount functions that indicate
gains/losses over average q-values (advantage) while the
critic NN estimates the cost function. Here, the trained actor
NN is used as the scheduler.
Fig. 29 compares the per-sensor performance of the RL-
based scheduler with two baselines: Baseline 1 schedules a
sensor with maximum AoI at a given time while Baseline 2
randomly schedules sensors proportional to the inverse of
their AoI thresholds. Here, the system consists of ten sensors
indexed by i = 1, 2, . . . , 10. Fig. 29(a) indicates that all three
methods perform almost same in terms of average AoI.
While all sensors in Baseline 2 exhibit higher average AoI
compared to the rest, Baseline 1 and Proposed methods dis-
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Fig. 29. Per-sensor performance comparison with respect to: (a) aver-
age AoI and (b) AoI violation probability.
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(a) HJB learning control.
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Fig. 30. Operational structures of (a) HJB learning control and (b) MFG
learning control.
play lowest AoI for sensors with loose and tight thresholds,
respectively. The probability of AoI exceeding the threshold
for each sensors are illustrated in Fig. 29(b). Therein, it
can be noted that the proposed method maintains much
lower AoI violation probability for sensors with tight AoI
thresholds compared to both baseline methods. For sensors
with large thresholds both the proposed and Baseline 1
exhibit no AoI violations. From Figs. 29(a) and 29(b), we
can conclude that the proposed RL-based scheduler is the
most reliable approach for sensors with tight thresholds.
By minimizing the AoI over all sensors, the proposed
solution allows the remote monitor to obtain up-to-date
data. For the applications of monitoring and controlling,
these data can be utilized to train control modules and/or
to issue real-time commands.
6.7 MFG Theoretic ML for Massive UAV Control
MFG theoretic control is a key enabler for supporting ro-
bust massive autonomous UAV operations against time-
varying network connectivity. To illustrate its effectiveness,
following [219], we consider N UAVs, each of which locally
controls its acceleration so as to minimize its travel time
from the same source to a common destination, without
inter-UAV collisions. To avoid collisions, each UAV com-
municates with the other N − 1 UAVs for collecting their
real-time states, i.e., coordinates and velocities. To guarantee
the optimality of every control, since each control affects the
other UAVs’ decisions, the states should be recursively ex-
changed until all controls converge to the Nash equilibrium.
This is likely to be infeasible for a large N , under the limited
communication range of each UAV moving in real time.
(a) HJB learning
sourceavg.

wind
destination
(b) MFG learning
(a) HJB learning control.
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Fig. 31. Trajectories of 25 UAVs under (a) HJB learning control and (b)
MFG learning control.
This is where MFG theoretic control comes to the rescue,
which requires initial state exchanges only once. After-
wards, as elaborated in Sec. 4.2, the control of each UAV
is determined by locally solving two partial differential
equations, in which the FPK equation (F = 0) approximates
the state distributions of the entire population following
optimal controls, i.e., mean-field distribution, while the HJB
equation (H = 0) provides each UAV’s optimal control
for a given population distribution. However, solving these
equations is computationally challenging particularly for
high-dimensional states, limiting its adoption commonly
within 1-dimensional state cases [165]–[167].
To overcome this limitation, an NN based MFG theoretic
control algorithm is developed in [219], denoted as MFG
leaning control operated by a pair of HJB and FPK NNs,
as shown in Fig. 30(b). At its core, the HJB and FPK NNs
are trained so as to minimize |H| and |F |, thereby approx-
imately solving the HJB and FPK equations, respectively.
On the one hand, focusing on the relation between HJB
and FPK NNs, this ML architecture is similar to actor-
critic RL wherein the actor NN (FPK NN or policy NN)
yields per-state action distributions, and the critic NN (HJB
NN or value NN) evaluates the optimality of controls. On
the other hand, focusing on the process of taking actions,
MFG learning control resembles DQN whose actions are
taken by the Q NN (value NN). Integrating these two RL
architectures, MFG learning control addresses the interplay
between the population’s policy and a single agent’s action
evaluation, as opposed to traditional RL considering the
same agent’s policy and action evaluation.
Consequently, the source-to-destination travel trajectory
in Fig. 31(b) corroborates that MFG learning control achieves
both goals of collision avoidance and fast travel. This is
compared with a baseline HJB learning control in Fig. 31(a),
in which UAVs are controlled based not on FPK neural
networks but on real-time state exchanges. Due to the
limited transmission power, the inter-UAV state exchanges
are restricted within the communication range 1m that is
not always sufficient to cover N − 1 mobile UAVs. This
incurs time-varying UAV network connectivity, and makes
HJB learning control fail to avoid collision. By contrast, MFG
learning control is effective in collision avoidance, by form-
ing a flock of UAVs. In return, the travel distances under
MFG learning control become longer. Nevertheless, thanks
to flocking behaviors, MFG learning control achieves faster
speed during long flights. This compensates the longer
travel distances, thereby achieving the travel time almost as
fast as the HJB learning control ignoring collision avoidance.
29
7 CONCLUDING REMARKS
Embracing recent advances in hardware and communica-
tion technologies, edge ML empowers devices at the net-
work edge by imbuing them with state-of-the art ML tech-
niques. This poses a slew of new research questions centered
on E2E latency, reliability, and scalability, under hardware
and privacy constraints. As a first step towards spearhead-
ing the edge ML vision and moving beyond centralized and
cloud-based ML, this article has explored its key building
blocks and theoretical principles warranting a clean-slate
design in terms of NN architectures, training and inference
operations, and communication. The overarching goal of
this article is to foster more fundamental research in edge
ML and bridge connections among several communities and
mathematical disciplines.
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